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The goal of this lecture is to understand how these plots
are made and how to interpret them



Outline:
1. Probability density function
2. Parameters estimation with the method of maximum likelihood
3. Modelling the data
4. Hypothesis tests
1. Discovery
2. Exclusion
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Probability density function



A random variable represents the outcome of a repeatable
experiment whose result is uncertain.

Probabilistic treatment of possible outcomes

— Probability distribution for discrete variables

Properties:




A random variable can also be a continuous variable

— Probability distribution function: p(x)
p(x)dx gives the probability that x is observed in [x, x + dx]

Properties: b £

p(x) =0

fp(x)dx =1 / . ‘:ilx




Quantity Discrete variable Continuous variable

Expectation (mean) value E E[k] = (k) = Z kP (k) E[x] = (x) = j x + py(x) dx
K

Variance (spread) V = g2 E[(k — (k))?] = E[k?] — (E[k])? same with k - x

Higher moments: skew E[(k — (k))3] same with k - x

The variance represents the width of the PDF about the mean
Convenient to express this in terms of the standard deviation o=V

Higher moment (like skew) can be defined and are not very useful in practice



n is a discrete random variable

ine—i
P(n,A) =
n!
Properties:
= E[x]=A
= V[x]=A

" P(n,a).P(n,B)=Pn,a+pf)

An example of a Poisson random variable is the number of events of a certain type
observed in a particle scattering experiment with a given integrated luminosity L in the
limit that the total number of events is very large and the probability for an individual
decay within the time period is very small.

The Poisson distribution approaches the Gaussian distribution for large A.



X is a continous random variable
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= V[x]=02

Thanks to the Central Limit Theorem Limit (CLT), the Gaussian pdf plays an important
role in statistics



http://pdg.Ibl.gov/2014/reviews/rpp2014-rev-probability. pdf

Probability density function

Characteristic

Distribution f (variable; parameters) d(u)=E [eiu-‘f] (u) Mean Variance
1/(b—a) a<z<b ibu _ iau Ry
Uniform Fleya by = { L honi b—a)
0 otherwise (b—a)iu 2 12
: . N! r N—r iu\N
Binomial f(r;N,p)=——— D' q (q+pe ™) Np Npq
rI(N —r)!
r=w.1.2. .. .4;: 0<pLl;: g=l—p
L N! m N E[ril= cov[ry,rj] =
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" m) = il P (L ) Npi  Npi(dij — pj)
P =008, el ; BEmLL; TaiTa=N
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Poisson fli;p) = T n= 0i1.2...5 #>0 exp[r(e'™ —1)] v v
Peormal flaip,0%) = —— exp(~(x — u)*/20%) explipu— you®)  p o2
(Gaussian) o\2r
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2 2
ex 0°/2) exp(2u+o
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oV2r T x[exp(o©) — 1]
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n/2—-1 _—z/2
X2 Flzn)= E c z > (1-— Qiu)_"/2 n 2n

/20 (n)2)
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The concept of probability density function can be generalized to
several dimensions (joint probability distribution).

For instance in 2D, p(x,y) measures the probability density per unit area:

p(x,y)dxdy gives the probability that x is observed
in [x, x + dx] and y in [y,y+dy]

Multivariate Normal Distribution

Properties:

0.0012
0.001

0.0008
0.0006
0.0004

p(x,y) =0

A

i . ' i M 0.0002

M

fp(x, y)dxdy =1

11



Maximum likelihood fits



The parameters of a pdf are constants that characterize
its shape, e.g.

f(z;6)
AN

random variable parameter

Suppose we have a sample of observed values: £ = (z1,...,2n)

We want to find some function of the data to estimate the
parameter(s):

0(z) | <« estimator written with a hat

Sometimes we say ‘estimator’ for the function of x, ..., x ;
‘estimate’ for the value of the estimator with a particular data set.

G. Cowan 13



Suppose the entire result of an experiment (set of measurements) is a

collection of numbers x=X=(x,...x.), and suppose the joint pdf for the
data x is a function that depends on a set of parameters O:

f(Z;0)

Now evaluate this function with the data obtained and regard it as a
function of the parameter(s). This is the likelihood function

L(g) = f(&; 5) (x constant)

The likelihood function gives for fixed data, the relative likelihood of
various parameters.

The probability density function gives for fixed parameters, the
probability density of various possible data.

14



If the hypothesized 0 is close to the true value, then we expect a

high probability to get data like that which we actually measured

So we define the maximum likelihood (ML) estimator(s) to be the
parameter value(s) for which the likelihood is maximum

In practice, one prefer to minimize -In L(B) or -2In L(0)

Maximum likelihood estimators (MLE) not guaranteed to have any
‘optimal’ properties (bias, variance) but in practice they’re very
good.

15



Suppose we have a sample of N observed values {x} and

that the underlying distribution is a Gaussian

Measurements:
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The likelihood to measure x; for one measurement is :

()’

Likelihood for 1 measurement

The likelihood to measure (x;,...x,) is the product of the
individual likelihoods:

(x;—4)
N 2
e 2o Likelihood for independent
I I and identically distributed
- 2702 data
1=

17
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The likelihood:

()’
N 202 . .
e Likelihood for independent
L(u,o0)= I I . and identically distributed data

i=1

But it is more convenient to work with:

—InL(u,0)=—NIn— : Z(x ~ )’

Ji

)

|
The minimization of —InL(l,0) gives: 2.x°
InLwo) _, a==Yx
ou - n i
E—
k(o) _, &:Ji (-2
oo nizo
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Assuming ¢ known :
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If the likelihood is Gaussian (true in the for large N), one can estimate the 10 confidence interval
for 6 (“parameter uncertainty”) by finding intersections —4ln L = 1/2 around minimum

If we repeat the experiment many times, [[i-0,{i+0] will contain the true value 68% of the time 20
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6 and U unknown

—InL(x,0)

93
g5 89 90 .

286 8

In most of the realistic cases, the minimization is performed with numerical methods
implemented as computer algorithms (ex: Minuit)
22



Events / 3 GeV
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Modeling the data

which likelihood should | use?

24



Observable: number of events (n)

PDF: Poisson distribution

s is the expected nb of signal events

-A
lne }\‘— H
=us+b b is the expected nb of bkg events
P(n, ﬂ) = H P 9

L is called signal strengh parameter

n!
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Observable: set of values m,,....m_

L is called signal strengh parameter

f(m; | p)
\_Y_/

Probability to measure m,
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Observable: set of values m,,....m_ o0
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L is called signal strengh parameter 27



Observable: set of values m,,....m_
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Observable: set of values m,,....m_

/

Lom ., | )= P(n| ) ] £ O | 2
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nl Likelihood for independent and

identically distributed data

L is called signal strengh parameter

Nombre d' gvénements

"o

1000 =
9005
800 =
700%
6005
5005
400F
300+

100

2l

v ey v b b by
120 130 140 150 1

Masse invariance des deux photons [GeV]

0

29



Observable: set of values m,,...,m
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Using:

f(mi|p) = fs(m;) + bfb(mi)

S+b

One get:

—(b+ps) n
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e
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30



Observable: number of events in the bins of an histogram
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Note that in this case, there are several background components. 31



Observable: number of events in the bins of an histogram

Nbins Nbins Nbins

bb n (fl b+f7u.s)
Lo cmash) = [ [ Pty = | [ reio s frus = | | UEAR LR

n;!
i=1 X f i=1

Per-bin fractions (shape) of signhal and background

Nbins=1: counting analysis

Nbins=o0: unbinned shape analysis ( the fraction becomes pdf values)

Faster to work with binned likelihood compared to unbinned likelihood

32



1) The background can be constrained by the data using a control region where the
number of events is noted m

(b + pus)"e= P+ (eh)me™™ L _ prp,
n! ' m!

L(n,m|u,b) = P(n|b + us).P(m|b,) =
\ Y L Y )
SR CR

Here b is treated as a nuisance parameter. If b,=tb # m
maximize the likelihood.

o heed to adjust b to

medad

In general, there should also be also an uncertainty on T which is in general relatively
smaller than the uncertainties on b and b_,
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'E B : v Uhcenainty 7]
o 25F CR | SR | 7 sis the expected nb of signal events in SR
= 20 b ! E 1 b is the expected nb of bkg events in SR
- i ! 1 bgg is the expected nb of bkg events in CR
15¢ i * ! W is called signal strengh parameter
v d
0 .
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m,, [GeV] 33



1) The background can be constrained by the data using a control region where the
number of events is noted m

(b + pus)"e= P+ (eh)me™™ L — prp.,
n! ' m!

L(n,m|u,b) = P(n|b + us).P(m|b_,) =
\ Y L Y )
SR CR

Here b is treated as a nuisance parameter. If Tb # m___, need to adjust b to

maximize the likelihood.

meas

In general, there should also be also an uncertainty on T which is in general relatively
smaller than the uncertainties on b and b_,

10 CMS \Vs=7(8) TeV, L =5.1(122) "’
= N
2) Counting experiment with systematic uncertainty on b & : o
o —with syst.
(ex: uncertainty on the bkg cross-section): 7l -0 syst
6_
5_
(b + ps) e ) k:
L(nlu,6)= " Gaus(0:1,0,) |
! ;|
where 0 is a nuisance parameter constrained to 0=1 1
il . 0923 124 125 126 127 128 129
within 64 by a Gaussian PDF (penalty for 6 # 1) m (Gel)



More generally, we write the likelihood as

L(u,0)=1L,, (4 9)-6; (0)

NP constraint term
= penalty for B # Bnominal

L is a parameter of interest. In some cases, there can be several ( signal
strengh parameter, mass,...)

0 represent the nuisance parameters needed to define the model (ex:
syst. uncertainties)

NPs must be either
— known a priori (possibly within systematics)
— constrained by the data (e.g. in sidebands)

35



The combined likelihood is obtained by multiplying the likelihood
functions of individual channels in order to

Nanalysis

L(u,0)= HLi (14,9,)

The main challenge is to properly deal with the correlation of the
nuisance parameters

= Ex: luminosity is fully correlated between analysis, theory uncertainties could be
very tricky

Combination can be done within one experiment or between
different experiments

36



Hypothesis testing:
discovery case



A key task in most of the experiments is to discriminate between two
hypothesis on the basis of the observed experimental data (x)

Ho, null hypothesis that we want to disprove (eg, SM background only)

H,, alternative hypothesis (eg, SM background + new physics)

The goal of a hypothesis test is to determine whether the observed data
sample better agrees with H, or rather with H,

Test statistics: a scalar variable (called t(X)) computed from the data
that discriminates between the two hypotheses H, and H,. Usually a
‘summary’ of the information available in the sample

38



Observable: number of events (n)
PDF: Poisson distribution P(n,A) =

e

n!

Test statistics: number of events (t(n)=n)
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Significance a: Type-1 error rate:

a is the probability to reject the null
hypothesis when it is true

Size B: Type-2 error rate:

B is the probability to accept the null
hypothesis when the alternative is true

&= f P(x|Hy)dx

p

y(x)> cut

y(x)< cut

P(x|H,)dx

04
0.35
0.3
0.25
0.2
0.15
0.1
0.05

U\_!Iill\IIIIIII!I[III||I|I|IIII[IIII‘I\I\l\

| ©

should be small

should be small
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Significance a: Type-1 error rate: a= f P(x|Hy)dx

a is the probability to reject the null y(x)> cut
hypothesis when it is true

Size B: Type-2 error rate: B = f P(x|H,)dx

B is the probability to accept the null
hypothesis when the alternative is true

0}

y(x)< cut

Backgrou Signal

Type-| error

o
N
()] 1HllIIII|Illllll”IIIllllllllllII]IIIT]T

Difficult to minimize the two at the same time!

should be small

should be small
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When comparing two simple hypotheses HO and H1, the optimal discriminator is the
Likelihood ratio (LR):

(x) = L 1)
L(X|H0)

It minimizes Type-Il uncertainties () for a given level of Type-| uncertainties (a)

Any monotonic function of the likelihood ratio is also optimal (ex: g(¥)=-2 In (X))

Caveat: Neyman-Pearson Lemma holds strictly only for simple hypotheses without free
parameters (ex: Higgs boson search, the mass is a free parameter)

However: the likelihood ratio is a very convenient test statistic (probably close to
optimal) and therefore commonly used in experimental particle physics

Different versions of the likelihood ratio are used in statistical tests
42



Specify the null hypothesis that you want to disprove and the alternate hypothesis
® Ex for discovery: H,=SM background only, H;=BSM

Build you test statistic: 1(x) using for instance the Neyman-Person lemma
=  Ex: counting experiment — number of events (demonstration later)

Specify the significance a of the test (how likely you are willing to claim a false discovery)
" Setto 2.9.1077 (50) for the discovery or 0.05 for exclusion

Take the measurement: t_,

Check whether t___ lies inside or outside of critical region — decide on H,

Compute p-value of H, to see how deep it lies in the critical region

PDF(y[Ho)

p —value = jpdf(t | H,)

obs

p-value : fraction of outcomes that are at least
as signal-like (H1-like) as data, when Hj is
assumed to be true (no signal present).

43




It is convenient to express the observed p-values in terms of a Gaussian ¢

4 p

1.00 1.59 x 10~!
1.28 1.00 x 107!
1.64 5.00 x 102
2.00 2.28 x 1072
2.32 1.00 x 1072
3.00 1.35% 1073
3.09 1.00 x 1073
3.71 1.00 x 10~*
4.00 3.17 x 103
5.00 2.87 x 1077
6.00 9.87 x 10~1°

p=J, G(x;0,1)dx=1-d(Z)= O(-Z)

X

with @(x) = jG(x’;O,l)dx’

Gaussian cumulative distribution function

Z=d1(1-p)

44



In this case, the likelihood ratio is (using the Neyman-Person lemma):

(b‘l‘S)n e—(b+s)

t(n):L(n|H1):L(n|ﬂ=1) _ n! 1+ Sye
L(nlH,)) L(nlu=0) ble” b
n!

where L is the signal strength parameter (proportional to the cross
section for the signal process whose existence is not yet established)

And the negative log likelihood (NLL) ratio is
g(n) = —In1(n) :S—nln(1+%)

Since t(n), g(n) and n are monotonic, they conveys the same level of
information — can use n as a test statistics

45



Counting experiment with 1.5 expected background events

/ events are observed in the data

What is the corresponding p-value?

Is it a discovery, an evidence or nothing?

Poisson Probabilities for Different Values of A

Number A=05 A=1 A=15 A=2 A=254=3

of events
x=0 06065 03679 0.2231 01353 0.0821 0.0498
x=1 03033 03679 0.3347 02707 0.2052 0.1494
x=2 00758 01839 0.2510 02707 0.2565 0.2240
x=3 00126 00613 0.1255 0.1804 0.2138 0.2240
x=4 00016 00153 0.0471 0.0902 0.1336 0.1680
x=5 00002 00031 0.0141 0.0361 0.0668 0.1008
x=6 00000 00005 0.0035 00120 0.0278 0.0504
x=7 0.0000 00001 0.0008 0.0034 0.0099 0.0216
x=8 0.0000 0.0000 0.0001 0.0009 0.0031 0.0081

Z(o) p

1.00 1.59 x 10!
1.28 1.00 x 107!
1.64 5.00 x 1072
2.00 2.28 x 1072
2.32 1.00 x 1072
3.00 1.35x 1073
3.09 1.00 x 1073
3.71 1.00 x 1074
4.00 3.17 x 10~3
5.00 8T % 10T
6.00 9.87 x 10~10
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The likelihood ratio is given by:

L(my,...mylu = 1) H(sﬁs(ml)

t(ml,---mn) - L(ml,---mnlﬂ = O) bfb(ml)

and the negative log likelihood (NLL) ratio is

sfo(m;)
qg(m,..m )=—In(t(m,..m, )= Z(
bf, (m, )
The critical region lies on the higher side of
f(q |0) the q distribution
j boes The p-value (blue area) can be computed as
follow:
p-value
+00
/ p —value = jpdf(q|HO)
9obs
9
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Generate pseudo data (toys) using the PDF under the tested hypothesis

IS
=}
S

T

T T T
Simulation

— )

2

E 350 3

g 300F + *  Pseudo-donnée E

3 E — Bruit de fond attendu

5 250

<4 E

g 200F-

S| S =

% E = 150; \!E=8TeV,ILdt=1fb"
2 E 100 f(q |0)
£ = E
5 E Toy N ‘ Compute q for %
S = . . 3 4 tl R s
% E simulation g Sttty each toy S
b= = c L«)E e ¥ . .
5 E § 100 Ho 0 T80 o 150 160 simulation v
£ =
z° = Masse invariance des deux photons [GeV]

oL

Ciau Eras pad £738 Fad pad BEad Bgy 0g
100 110 120 130 140 150 160

Masse invariance des deux photons [GeV]

T T
Simulation

*  Pseudo-donnée <
—— Bruitde fond attendu

Nombre d' événements
8
T

E \E=sTev, ILdt =2m"

L1 +
e
0 120 130 140 150 160

1
4 [ S
1 LIRS S | L4

} SEE $4y deg Tty
P Ity L /LI 1 LIMNLEL & 3 'S .

b LA

*

I

donnée-bdf
xS

100

Masse invariance des deux photons [GeV]

Compute the p-value as the fraction of toy events giving a value larger than g,

Precision limited by the number of toys events

*  Small p-values (50 : p~107) — Need a very large number of toys

Analytical computation is preferred when available and fortunately there is a solution...

p-value
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In the presence of nuisance parameters, one used the profile likelihood ratio (PLR) as
the test statistics instead of the likelihood ratio (LR):

Conditional maximum given the signal strength
PR
) parameter value

L(1,0
L(l[l, é) “———— maximize L

A(p) =

By definition, A(lL) lies between O and 1

Higher values indicating greater compatibility between the data and the hypothesized
value of

Good properties in the large sample limit allowing analytical computation
49



Try to reject background-only (L = O) hypothesis using

—21nA(0)

o — 20) = 10.0)

L(1,0)

Physically p = 0 (*) but {i could be negative due to downward background fluctuation®
g, increases when {ideviates from 0

But we don’t want to reject the background only hypothesis if {i<0

f(q,0)
/ Q...

p-value

/

More background-like (*) unless negative interference 50

[y




Try to reject background-only (L = O) hypothesis using

. apy =09
—2InA(0) >0 L(41,9)
q0 =
O l:l < 0 Less events than predicted bkg

i.e. here only regard upward fluctuation of data as evidence against the

background-only hypothesis. This is a "one-sided" definition (only claim
signal for [i>0)

f(q,[0)

More background-like

A
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Try to reject background-only (L = O) hypothesis using

. apy =09
—2InA(0) >0 L(41,9)
q0 =
0 ﬂ < 0 Less events than predicted bkg

i.e. here only regard upward fluctuation of data as evidence against the

background-only hypothesis. This is a "one-sided" definition (only claim
signal for [i>0)

o'
f(a,j0) po = / f(q0]0) dqo
j q ... q0,0bs

In the large sample (asymptotic) limit,

p-value one has this simple relation:

/ Z=‘%’_1(1—PU)= Vo

Inverse gaussian cumulative distribution function
More background-like

A
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In the large sample (asymptotic) limit, one has this simple relation when >0 :

L(0,0)
L(1,6)

Z == q, =+/-21n A(0) :\—2ln



Poisson likelihood with p.o.i L (n events observed):

(15-+b) e+

n!

No nuisance parameter

L(p) =

Z:\/—2ln L) :\/—ZIn (b)'e™ =\/2(n.1n(,[ls/b+l)—,[ls)

? y n ,—(fis+b)
L(x) (Us+b)'e
using n=/[0s+b i maximized the likelihood
7 = 12| n.ln ﬁ +b—n Only correct for n>b
Up Z=0 otherwise

Or alternatively Z = \/2((5 + b).ln(l + %) — Sj
assuming i =1

54



o
O
c
S
O
=
c
RSy
0p)

e exact
.
L]
.
.
.
.
.
.
-
-
.
\
* "
. “
.
-
~
.. §=10
—
o .
‘\
" o .
- “.
‘\. . "
-
&% %,
§
. ‘§~
:
o
..'
. °

s /\\b<«——+ Gaussian approx.

The significance
increase as the square
root of the luminosity
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Events/ (1)

True parameters: b=100 and s=40

I Assume background and signal

L shape perfectly known

g L Uncertainty on background
- normalisation modelled by 0
- [ ] ®

6 e

« ]

2 e ] "'_.. o T LT R.dhag

0 IIJ‘IlIlIIJ[II![IIl'IILIl]iII-]III>1>|IIJI|I

100 105 110 115 120 125 130 135 140 145 150
m (GeV)

—(6b+us) n

L(m,,..m | u,0)= eTH (us.f,(m)+0.b.f,(m))G(O0:l,0,)

A / The likelihood is minimized two times
L(1,0)
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Events/ (1)

00 and s=40

True parameters: b=1
10
8 -
- L L
6 r®
4 N
2 [

10

—In A(x)

IllIIill]Il!lIIl[

0 IIJI|I1II][II1[II |IILI|1III]III1|IIJI|I 0

100 105 110 115 120 125 130 135 140 145 150 (

m (GeV)

What is the significance for

T Minimum of the profile likelihood ratio

i=067+02

d,=0.3?

Z =\-q, =4/-2InA(0) = ,|-2In

L(0,6)

L(1,0)

1

Excess observed!
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True parameters: b=100 and s=40

- 10 ¢
10 o
L 8:—
8 H 73_
—_ - L
- " ? /5:5
Z 6 le
%.? = w s D
oo X 4
4"\\ q m
= q e 3
® I C
2 o0 @ 2;—
] 4 e el e 1B
0 e et b b Lt B bodia b i By 0: 31 o g Lo e Lipeigeg

100 105 110 115 120 125 130 135 140 145 150 (
m (GeV) T Minimum of the profile likelihood ratio

1

i=0.67+0.2 Excess observed!

Profile likelihood broadened by nuisance parameters 0 (loss of information)

Since Z = \/—ZIH(K(O)), one could compute the significance directly from the right plot using the intercept
of the curves Z=V(2*4)=2.8 and Z= V(2*6.6)=3.6 with and without uncertainties respectively
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Observation of ttH production

q=-2InA(u)
5.1fo" (7TeV) +19.7 fo (8 TeV) +35.9 fo (13 TeV)
o BT de'l""l"‘l"l
s -_— Ompine /;
i CMS SM expected i
30 — 13 TeV . ~
- . —9.20 — 748 TeV :
] T T S 47 A
- 4.5 .
20 .

151

107}

arXiv:1804.02610 59




Lo II(IllllllllIlllllllllllllllllll[ll

a.

= ATLAS 2011 -2012 -

§ Vs=7TeV: [Ldt=4.6-4.8 b - Exp.
Vs=8TeV: [Ldt =5.8-5.9 fb" +io

110 115 120 125 130 135 140 145 150
m, [GeV]

The “local” p, means the p-value of the background-only hypothesis obtained from the
test of 4 = O at each individual m,,.
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Hypothesis testing:
exclusion



Procedure similar to the discovery case except
that the hypothesis are now inverted
= H,= signal + background hypothesis

300
250¢
200}
150F
100f
50

= H,= background only hypothesis

Goal: disprove H, by estimating the probability
of downward fluctuation of signal + background

Normalized events per GeV

. 00710 120 130 140 150 160
Size of the test less stringent than for the m (GeV)
discovery case: 0. =5%

300
250
200
150
100

50

Confidence level of the testis 1-00 =95%
confidence level

Normalized events per GeV

Upper limit: find minimal signal, for which H, can
oco . foo 110 120 130 140 150 160
be excluded at specified confidence Level m (GeV)

=  Smaller signal level satisfying p-value> «
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Counting experiment with O expected background events and 2.5

expected signal events

O events are observed in the data

Is the signal hytpothesis excluded?

What is the upper limit on the signal?

Poisson Probabilities for Different Values of A

Number A=05 A=1 A=15 A=2 A=25 A1=3

of events
x=0 06065 03679 02231 01353 0.0821 0.0498
x=1 03033 03679 03347 02707 0.2052 0.1494
X = 0.0758 0.1839 0.2510 02707 0.2565 0.2240
x=3 00126 00613 01255 0.1804 0.2138 0.2240
x=4 0.0016 0.0153 0.0471 0.0902 0.1336 0.1680
X = 0.0002 0.0031 0.0141 0.0361 0.0668 0.1008
x=6 00000 00005 00035 00120 0.0278 0.0504
x=7 0.0000 0.0001 0.0008 0.0034 0.0099 0.0216
x=8 0.0000 0.0000 0.0001 0.0009 0.0031 0.0081
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For purposes of setting an upper limit on L one may use

>

—2InAp) g <nu
() A=<y where  A(p) = L(LA)

G = X
8 0 fL > i L(ji.0)

Note for purposes of setting an upper limit, one does not regard an upwards
fluctuation of the data as representing incompatibility with the hypothesized .

a.k.a CLS+b

d
(=]
=Y
~—

° 00
Pp = /q f(QuW) dqy

w,0bs

Observed value In the large sample (asymptotic) limit,
one has this simple relation:

Pu=1 _/‘(I)(\/@)

e I
0 5 10 15 20
Test Statistic q Gaussian cumulative distribution function
il

Number of toys
o

-y
(=]
)

More signal-like
64
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The problem:
Consider the case of low sensitivity: f(q,, | 1) and f(q, | 0) very similar
(example: B=10 and $=0.001, S is true but you measure 6)
By construction the probability to reject u if u is true is a (e.g., 5%)

— spurious exclusion in 5% of the case
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CLs+b

CL,

“approximation to the confidence in the signal
hypothesis, one might have obtained if

the experiment had been performed in the complete
absence of background”

0o

p, = P(§, > 7 |signal+background) = / £l ) di,

ok
T

1—p, = P( Gu = q‘zb“ | background-only) = / . f (‘f,u|0, g“ng) dq,

If the two distributions are very well separated
then 1—-CL, will be very small = CL, ~1 and
CL, ~ CL,, , i.e: the ordinary p-value of the
s+b hypothesis

If the two distributions are very close than
1-CL, will be large = CL, small, preventing
CLs to become very small

pPp=1—C

Ho H,
exp. exp.
for s+b forb

exp. exp.
fors+b forb

~2In(Q) ”
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= Build the likelihood that represents the measurements
= Observables: counting experiment, unbinned shape analysis or binned analysis
"  Main parameters that we want to measure: parameter of interests
ex: signal strengh parameter (1) or mass
=  The other parameters are called nuisance parameters (0)
ex: syst. uncertainties or auxiliary measurements

" Parameter estimation via likelihood maximisation

= Hypothesis testing:

= Specify the null hypothesis that you want to disprove and the alternate hypothesis
Ex for discovery: H,=SM background and H,=BSM

= Build you test statistic: t(x)
Often based on likelihood ratio
Counting experiment: number of events

= Specify the significance a of the test (how likely you are willing to claim a false discovery)
Set to 2.9.1077 (50) for the discovery or 0.05 for exclusion

=  Compute the p-value: probability of obtaining test results at least as extreme as the results
actually observed, under the assumption that the null hypothesis is correct

" |If the p-value is smaller than a then the hypothesis H is rejected 68






pPo=1 -(0.2231+0.3347+0.2510+0.1255+0.0471+0.0141+0.0035)~0.001 — Z=3.09

107"

102

1072

107

10—5||

Z:S/\/b:(7-] .5)/\/] 5=4.49 — p:3.5><] 0'6 Gaussian approximation not applicable in this case

2=\ [2[6+moe(1+3) -5] =3.25 — p=0.0006

h

h
- Entries 100000
B Mean 1.497
Std Dev 1.223
I L1 1 1 | L1 1 1 | | I | L1 11 | L1 1 1 L1 1 1 1 I Ll
0 1 2 3 4 9

ool ool 3o |




. s e
H, with b=0: P(n,s)=
n!
h
For n=0, we have: ==
B Hl:P(n’O) Eritries : 10000
p = P(O;S) =e”° o.a:— ;‘tia[r;ev 0
exp(-2.5)~0.08 => not excluded *°F
0.4_—
. Ho:P(n,2.5)
02
C'_Ii.'l.'!ll:lI‘|HH2IHIS-IIHt1=llll5||||6II %

The upper limit is defined by p<a=0.05 gives
e 5<0.05

s>—In0.05=3 is excluded
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Expectation Variance

Recall, for 1D PDF p,(x) we had: E[x] = uy; V[x] = o2

For a 2D PDF p4,(x,y), one correspondingly has: uy, u,, ox, gy

How do x and y co-vary ? — |C,,, = covariance,, = E|(x—p)(y - ,uy)] = E[xy] — txpy

From this define the scale / dimension invariant correlation coefficient:

Pxy =

0,0y,

)

where py, c [—1,+1]

« Ifx, y are independent: p,, =0, ie, they are uncorrelated (or they factorise)

Proof: E[xy] = [[ xy - pxy (x,¥)dxdy = [[ xy - p()py ) dxdy = [ x - py(x)dx - [y - p, 0)dy = pepsy,

« Note that the contrary is not always true: non-linear correlations can lead to py,, =0,

A. Hoecker
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1 1 (2 ¥ 2uypy
g(x, y) = exp | — . 5 = — -
27 0x0y,/1 — p%, 2(1—pg3) \ o7 o5 Ox0y

Covariance matrix: Marginal pdf:
2
c=|% pxz-" 5 i 1 27552
p)ﬂ Ox O"\’ O.v Ox (_x) = f g(x, y) dy — e /205
' —00 21 o}

e _:“'2 / 20\2

o
}_l —_—

+o00
gv(y) =f_ g(x, y) dx =

oo
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15 1
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For every value of m,, find the CLs upper limit on u (Cls(u,,)=0.05)

b% ATLAS PreIimiﬁary 2011 +2012 Data
S 10  —obs. \s=7TeV: fLdt=4.6-4.8 0" =
& [ B \s=8TeV: [Ldt=5.8-59fb" -
L L [Mz10 =
-E i [ J+20 =
= | I
O

- A | S =
Te) - -
@ r i
107 E

. CLs Limits B

100 200 300 400 500 600

m, [GeV]
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The uncertainties we have dealt with so far are statistical uncertainties

= “Random noise”, not correlated between events

= Decrease usually as 1/vn.

Systematic uncertainties:

=  Can have underlying bias in the measurement (ex: luminosity, energy calibration)
= Same for all the events : does not improve with more data

=  Can be constrained from data or with an auxiliary measurement (ex: luminosity)

Systematic ":'- _ Q .

Statistical
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feo0pE—= © F T ¢ Y S T E R T T TR R R R

S —
8 B Selected diphoton sample ol
N - . Data 2011+2012 il
~ AR Sig+Bkg Fit (m =126.8 GeV) 1
Z A P Bkg (4th order polynomial) 9
S e000— ATLAS Preliminary =
- . H-y -
4000 — =
~ {s=7TeV, |Ldt=4.8fb" -
S J, ~8-
~ {s=8TeV, |Ldt=20.7fb" ]
- —_— e e __
2 E
s UE E
E 300 E_ _g
s e ! + 3
L = + =
! 0 = | E
g o2y TT Y & AALER
o -200 ;_ I i | i 1 _;
u>_| 100 110 120 130 140 150 160
m,, [GeV]
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NLL =—In L(u,0)

(x‘—mz
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1) Probability computation
(using MC techniques)

Theory Data

2) Statistical inference

In particle physics, we want to:

=  Measure a quantity (ex: Higgs mass): parameter estimation

“ The best estimate of the true parameter with lowest uncertainty as possible based on the data
= Test a theory (ex: SUSY): hypothesis testing

“  Which model best describes the data: “a relative probability”



When planning the experiment, we want to quantify how sensitive
we are to a potential discovery, e.g., by given median significance
assuming some nonzero strength parameter u .

med[q In’
f(q,10) i flq 1)

/ / o

%
So for p-value, need f(¢,|0), for sensitivity, will need f(¢g,|u),

G. Cowan 81



CLT: the sum of n independent samples x; (i = 1, ...,n) drawn from any PDF D(x;) with well
defined expectation value and variance is Gaussian distributed in the limit n - oo

1 ah
D: Eplx;] = w; Vplxi] = 0'5, and: y =;Z 1xi = Egauss [Y] = 16 Vgauss[¥] = )
=

T

Averaging reduces
the variance

A. Hoecker 82



CLT: the sum of n independent samples x; (i = 1, ...,n) drawn from any PDF D(x;) with well

defined expectation value and variance is Gaussian distributed in the limit n - oo

1" oh
D: Ep[x;] = Vplx;] = GLZ)» and: y = ;Z 1xi = Egauss [V] = 1 Vgauss[y] = ';‘
1=

fi=1

12200

]

c
1300

g1etm

oﬂ 010203 0405 0607 08 09 1

Y

n=4

1000

A. Hoecker

00 0102030405 0607 0809 1

Y

=2

Gaoo
%ssoo

000
2500
2000
1500
1000

00 010203 04050607 0809 1

Y
=5

=3

00 0.10.2 03 0.4 05 06 0.7 0.8 09 1

Y
=6

2000

1000

00 010203 04 050607 0809 1

Y

wr000
Q

£

£6000

#

4000

2000

1000

00 010203 0405 0607 0809 1

Y

2

T

Averaging reduces
the variance

Example: summing up uniformly
distributed ensembles within [0,1]
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CLT: the sum of n independent samples x; (i = 1, ...,n) drawn from any PDF D(x;) with well
defined expectation value and variance is Gaussian distributed in the limit n — oo

D: Ep[x;] = u; Vplx;] = 05, and: y = —

=1 n=2

000

2000

1000

oﬂ 0102030405 06070809 1 010203 040506070809 1

n=4 n=18
420001
00 'g r
00 10000
#® |
5000 8000

0 01020304050607 0809 1 0 0102030405 06070809 1

A. Hoecker

1

n i=1

n=3

oﬂ 0102030405 06070809 1

n=36

4000

o(l 0102030405 0607 0809 1

n O'D
Z Xi = Egauss vl = u; VGaussb’] = ';'

2

Example: summing up exponential
distributions

Central Gaussian limit works even if
D doesn't look Gaussian at all
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The correlation coefficient measures the noisiness and direction of a linear relationship:

Y4 1 = Pyy 0.8 04 0 -0.4 -0.8 -1
x
1 1 | -1 -1 -1
e
0

...and non-linear correlation patterns are not or only approximately captured by pyy, (see above figures)

A. Hoecker 85



If we were to repeat the entire measurement, the estimates 6,(x)
from each would follow a pdf:

best

'

q(0;0)

large
variance

We want small (or zero) bias (systematic error): b= E[f] — 0

— average of repeated measurements should tend to true value.

And we want a small variance (statistical error): V' [6]

— small bias & variance are in general conflicting criteria

G. Cowan 86



Look-Elsewhere effect

Sometimes, unknown parameters in signal model

e.g. p-values as a function of m,

= Effectively performing multiple, simultaneous 10

searches
— If e.g. small resolution and large

scan range, many independent experiments

g T T 17 I LI | LI [ LI I T 1T I T 1T T T T ] LI I LI I T TT I (I
g e 0o E
a - =
- 1o .
107 =
B 20 j
10 =
%0 U ﬂ
3 —
107E ATLAS E
- Vs=13TeV,3.2fb" =
104 NWA =
- 40 Spin-0 Selection =
10—5 _; Ll I Ll I Ll l Ll I Ll I Ll I L il | Ll I Ll I L1l I Ll i

200 400 600 800 1000 1200 1400 1600 1800 2000
m, [GeV]

N. Berger X

LN N N B B B B S B E B I B WL B B (e N N A

Data
—— Background-only fit

Ll

Events / 20 GeV
=)
w

Spin-0 Selection
Vs=13TeV,3.2fb"

\Ill L Illl“

———
—
——

1L IIII\LL| | IIIIII

o] ?-l-ll ] ||-n||~|||a|||||-|-7

g 15 -

g 1on -

o H E

s Sk —

g ot .

T -5b |

© H | ] ‘ =

8 —10:—. ‘ ® =

200 400 600 800 1000 1200 1400 1600 1800 2000

m,, [GeV]

— More likely to find an excess
anywhere in the range, rather
than in a predefined location

= Look-elsewhere effect (LEE)

Testing the same H,, but against

different alternatives
= different p-values 74



Since standard deviations add in quadrature, one has:

S
7 =

Jb+o)

2 2 1/2
—b—zln 1+L32
of b(b+ o})

) )

N, “ s=5
v ":‘l

@

£

6,/b=02,05

A) b 7 =
T ecomes -
Jb

A better approximation is given by:

(s + b)(b+ of)
b2 + (s + b)o?

Zp = [2 ((s +b)In

88



On the plot of tt versus myy, the blue band is defined by

—2InA(n) = —21In(L()/L(R)) < 1 ie., InL(x) > In L(f) — %

1.e., 1t approximates the 1-sigma error band (68.3% CL conf. int.)

Standard Model

ATLAS, Phys. Lett.

B 710 (2012) 49-66
— Observed

(c) [0 -2InA(u)<1
110 150 200 300 400 500 600
m,, [GeV]
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Suppose we have a sample of N observed values {x} and

that the underlying distribution is a Gaussian

Measurements:

LONOUNRAWNE

N H PR
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—2log L(f) = —210g Lnax + 22

Table 39.2: Values of Ay? or 2AInL corresponding to a coverage probability
Il — a in the large data sample limit, for joint estimation of m parameters.

(1-a) (%) m=1 m=2 m=3
68.27 (10) 1.00 (230> 3.53
90. 2.71 4.61 6.25
05. 3.84 5.99 7.82
05.45 (2 0) 4.00 6.18 8.03
99. 6.63 021 11.34
99.73 0.00 11.83 14.16
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Specify the null hypothesis that you want to disprove

Build yo
Specif

Take th

Check

Compu

PDF(y|Hy)

0.1

0.08

0.06

0.04

0.02

Ex: Hy=SM background only for discovery

P(data|theory) != P(theory|data)

Example:

Theory = (male or female)
Data = (pregnant | not pregnant)
P(pregnant | female) ~ 3%
BUT
P(female | pregnant) # 3%

P(female | pregnant) = P(pregnant | female)*P(female)/P(pregnant)

as FT-TIKe (signal-Tike] as dara, wnen
(no signal present).

ast
is true
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