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How to accelerate a beam ?
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1. How to accelerate a beam ?

1-1. Energy gain
1-2. Potential
1-3. Plasma acceleration
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Electromagnetic force

> Goal: to give (kinetic) energy to the particle.

> The Lorentz force F acts on a particle with

chaige g and velocity V in electromagnetic field E= q(E+V » é)
(E, B) :

» The force is (by definition) the time derivative . dp
of the particle momentum p: F= dr
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Particle energies

> The particle total energy W is: _ (Y-m-cz)z
= (Wo+T)*

> ¢ the speed of light in vacuum.

> Wy = mc? the particle rest energy.

> m the particle rest mass. y= % =1+ %

» v the particle reduced energy. 0 0

>

T the particle kinetic energy.
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Energy time evolution

The energy time evolution with time t is:

dW b dp ,
T:W'ﬁc
:;/nTC‘;-q(E+'\7xB)C2
:q('\?~E+_\7‘('\7x_’)
:>M:£:q.v.zr
dt dt

= Only the electric field gives (kinetic) energy to the beam
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Energy gain

The energy gain AW of a particle over a given path, between positions 5
and §7 is:

ds
dt

V=

5
AW(s’b—»s"l)zqf E(s:t)-d3
S

ds S

s is the curved abscissa on the trajectory.
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Beam coordinates

> A beam is a set of particles with a non-null average velocity.
> (x,y) is the transverse plan, and z the beam propagation direction

(quantified with a curved abscissa s).

-

dw Vo -
g L. E
ds q9 Vs

=q-(E;+x -Ex+y'-E))
' /=VX/Y_dX/y
X/y'= v, ds

Usually, x',y' < 1
= The electric field’s transverse component has a very low con-

tribution to the energy gain (compared to the longitudinal one).
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Maxwell equations

> We should imagine and develop technological objects homing electric
field with at least 1 hole (most often 2) where the beam can enter
and exit.

> The electromagnetic field evolution is given by Maxwell equations:

v.E=L vxE=-98

€0 ot
V-B=0 2.vxB=L 0
eg Ot
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Potential difference

> An electrostatic field E can be represented by a potential U:

E=_-v-U = E,=- ou w=Xx,y,Z
ow

v

The energy gain of a particle going from point A to point B where
potentials are respectively V4 and Vg is:

sg
f E(z d§:qf E.ds
sA

—-Va)

v

The integration is done on particle trajectory.

A\

The energy can be expressed in eV (electron-Volt): 1 eV = e J.

v

This is the energy gain of an electron under a potential change of 1 V.
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Van de Graaf accelerator
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> Charges are deposited at accelerator’s end on an insulating belt by
friction with a polarized metallic brush.

> They are transported to the accelerator’s other end where there are
collected.

> The return current through resistances column produces voltage, used
to accelerate the beam.
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Use-limitatio

Te+04

> When electric field is too high,
electrons can be pulled out from
the surfaces lowering the voltage
(breakdown) or/and consuming s
energy (leak). N

1e+03

Velaquage [V

> Ground potential is used as a tes0t A

1e-01 1e+00 1e+01 Te+02 1e+03

reference (U =0V). P ima)

> For safety reasons, accelerator tank is at ground potential (where
operators stand).

> In an electrostatic accelerator, the maximum accessible energy is then
limited by its transverse size close to the source where the full voltage
is applied.

> Electrostatic accelerator voltage is rarely higher than 10 MV.
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Plasma acceleration: 1D model and motivations

> The big advantage of plasma acceleration is that a plasma can
manage large acceleration gradient ( up to 100 GV/m!), paving the
path to compact acceleration (if we consider only the acceleration
medium without the laser ;-))

> We will introduce the laser plasma acceleration of electrons.

> Plasma acceleration of ions is also an active research field but out of
the scope of this lecture.

» The driver in the plasma (to generate plasma oscillations) can be also
a beam.

> Main assumptions:

> Cold unmagnetised plasma: T, =0.

> lons initially singly charged (Z =1) with homogeneous background o
ion density ngand immobile (v; =0).

» Thermal motion negligible compared to induced motion by laser field
(vosc> vihe).
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Plasma acceleration 1D: motion + Maxwell equations

dp 0
d—?za—':+(VoV)p:—e(E+va) p=Yymev
e 0B
V-E=—(np- VxE=——
60('70 ne) * ot
oE
V-B=0 PUxB=——nev+ =
€0 ot
Motion invariant by translation along y and z: 9, =0, =0.
Linearly polarized laser with plane-wave geometry:
0A,
EL:Eyey:—Wey B, =Be, py = €A,

By using B=V x A and E=—V-¢—%

A. Chancé How to accelerate a beam ? NPAC-2022 Particle Accelerators 2-3



Plasma acceleration 1D: potential vector

Let us split J with a rotational (solenoidal) part and irrotational
(longitudinal) part:

J=J+J=VxII+Vy

PA ) 0o J 0 €g OE.
2 I 0 X
Vx(VxA)+ == _v—_t=s Ly L=0 y=—0="X
< (VxA)+ o2 €0 ot €0 ot v ene Ot

Coulomb’s gauge V-A =0 and p, = ymev, = €A, give:

32A J 2
24 —czAAy = _ —iAy
ot2 €0 €EomeYy

The right-hand nonlinear source term on the right-hand contains two
important bits of physics:

> ne=ng+0dn, coupling the EM wave to plasma waves,

> y=1/1+p2/m2c2, introducing relativistic effects.
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Plasma acceleration 1D: electric field

Motion equation and Poisson’s law give:

d ez 9 eo OE € OE
- = —eF, — — A2 =97 0=
dt(YmeVX) e 2mey 0x Y Y ene Ot o e Ox

We make the average on a laser period. Perturbative approach by
linearizing the plasma fluid quantities:

Ne=ng+ni... Vx & vit... Y=Yo+7v1...

_ | €%no e(Ay?) a5 _ 3%
wp =1\ —— —_— == Yo=\/1+——
€gMe mecC 2 2

2
(3 5o
=

w_%6t2 2meyo 0x
e2 0A7 . .
(Fx)=- — :relativistic ponderomotive force
2meYo Ox
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Plasma acceleration (1): linear regime

ap = ,:j‘jc : normalized potential. a3 ~0.73-A2[um]- o [1 x 10’8 Wem™2].

ao = 1: quasi-linear regime. (lp=2x10¥Wcm2,1 =0.8um)
If external electrons are injected at the right moment, they can be trapped
in a plasma wave either in the linear or non linear regime.

&lum]
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Plasma acceleration (2): non-linear regime

N

Arbitrary units
o

o

20

a0 =1.0
X~ >~ N~
ag = 2.0
ap=3.0
-30 -25 -20 -15 -10 -5 0

. ag,/ .
Linear =22 non linear.

When ag becomes very
large (ap > 2), the
electron motion
becomes turbulent.
The electron trajectory
can cross the axis:
wavebreaking.

Electrons from the
plasma can be trapped
in the plasma wave in
extreme ag: blowout
regime.
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Plasma acceleration (3): blowout regime

=5 I(_Ioadlng e i 2 » Pulse compression and

I
1

1 : > Electrons are expelled from high
1

self-focussing.

. laser intensity area and leave

7 behind a cavity (bubble filled
with ions).

» Electrons self-injected at the
back of the bubble and
accelerated.

» Injected electrons modify the

W. Lu PRSTAB, 10, 061301 (2007) back of the bubble (beam
2.0 mm loading).
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Plasma acceleration (4): limitations

» Dephasing between the driver
(laser or beam) and accelerated
electrons.

L
LBNL 14

4000 ~ +
\ AW ~1/n > Limitations on the

i accelerating length.
> Requires several plasma stages
i to go beyond 10 GeV.

30004

20004

Energy (MeV)

> Energy depletion of the driver.

L 09 \
TRl e > Focusing length of the driver.

10  » Other hot topics: preserving
beam quality, reducing
momentum spread,
reproducibility, ...

1000 §

Plasma density (108 cm™3)
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The RF cavity
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2. The RF cavity

2-1. The resonator

2-2. Energy gain

2-3. Transverse effect

2-4. Some examples

2-5. Travelling wave cavity
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RF resonant cavity

> Goal : Give kinetic energy to the beam
» Basic principle
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RF resonant cavity

> Goal : Give kinetic energy to the beam
» Basic principle / \

» Conductor enclosing a close volume,

]

.
\ Cavity /

A. Chancé The RF cavity NPAC-2022 Particle Accelerators 2-3 PLYLK]



RF resonant cavity

> Goal : Give kinetic energy to the beam
» Basic principle / \
> Conductor enclosing a close volume,
> Maxwell equations + Boundary
conditions allow possible
electromagnetic field E,/Bj,
configurations each oscillating with a
given frequency f, : a resonant

mode. The field is a weighted
superposition of these modes. @

\ Cavity /
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RF resonant cavity

> Goal : Give kinetic energy to the beam
» Basic principle / RF power supply \

> Conductor enclosing a close volume,

> Maxwell equations + Boundary
conditions allow possible
electromagnetic field E,/Bj,
configurations each oscillating with a
given frequency f, : a resonant
mode. The field is a weighted
superposition of these modes.

> The wanted (accelerating) mode is

excited at the good frequency and
position from a RF power supply

through a power coupler, \ Cavity /

Wave guide

T1:Power coupler
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RF resonant cavity

> Goal : Give kinetic energy to the beam
» Basic principle / RF power supply \

> Conductor enclosing a close volume,

> Maxwell equations + Boundary
conditions allow possible
electromagnetic field E,/Bj,
configurations each oscillating with a
given frequency f, : a resonant
mode. The field is a weighted
superposition of these modes.

> The wanted (accelerating) mode is

excited at the good frequency and

position from a RF power supply

through a power coupler, \ Cavity /
» The phase of the electric field is

adjusted to accelerate the beam.

Wave guide

T1:Power coupler
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Mode calculation (1)

Boundary conditions

close to the surface: -
BJ_ =0
Mode calculation: . 0. wp =271y
AE"+?E"_O c :speed of light
Electric field: E(r, t) = Z en(t) _’n(?)
n

Ex : Drift Tube Linac (DTL) tank

Sohve AT o0 Tube Lol Ticn + SUBKE

— e ]

TMyy, : £=352.2 MHz TM,,, : /=548 MHz
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Mode calculation (2)
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Mode calculation (2)

=

. WRF de
© Joule losses in conductor Pjgyle = — il

QO,n dt ’

S1: conductor surface
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Mode calculation (2)

. w de
@ Joule losses in conductor Pjgyle = — QRF . dtn’ S1: conductor surface
0,n
@ Energy exchange with outside S>: open surface
WRF dep ¢
Pexchange == Qex, dt + Sn(t)el(wRF *9o)
feed

losses
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Mode calculation (2)

. ) de
© Joule losses in conductor Pjgyle = _Q_RF'd_:' S1: conductor surface
0,n
@ Energy exchange with outside S>: open surface
wRF de
Pexchange = =~~~ — + Sn(t)el(wRFHd)o)
Qex,n d —_—
feed
losses
© Energy exchange with beam : Beam loading V: enclosed volume

'Dbeam—loading = knl( t)
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Mode calculation (3)

The last equation can be modelled by :

d?%e, wRF de,7

w2ep = Sp(t)e (WRFEFP0) o k(1)

a2 " Q, d
Which is a damped harmonic oscillator in a forced regime.
1 1 1
With — = + the quality factor of the cavit
Qn QO,n Qex,n Y Y
T=2 Q@n the filling time of the cavity
WRF

Sn(t)e!(@ret+do) the RF source

knl(t) the beam loading.
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Shunt impedance per cavity
> Cavity length : L @

> Cavity voltage Vo : Vo = [E,(2)dz I
> Dissipated power Py : Mean power dissipated in conductor over one
RF period.
2
» Shunt impedance R : R= E P, - ; \l/:

> Transit time factor T (calculated later) : AWmax=q-Vo- T

» AWhax : Maximum energy that can be gained by a particle in the
cavity

2
> Effective shunt impedance : RT? RT2 AWmax

T 2¢2Py
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Shunt impedance per unit length

w 1. &
» Cavity mean electric field Ey : Ep = TO == [E,(z)dz

L L
> Dissipated power per unit length P/, : Mean power dissipated per unit
length in conductor over one RF period.

1

: _ E2 R
» Shunt impedance per unit length 7 : Z= — = —
2P, L

> AW/, : Maximum energy that can be gained per unit length by a
particle with charge g in the cavity AW, ., =q-Eo- T

> Effective shunt impedance per unit length : ZT?
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lllustration of shunt impedance

The effective shunt impedance of the structures has been chosen to set the
transition energy between sections for TRISPAL project (C. Bourra,

Thomson).
63
$10/mm
58
534 Transition
8 o de30mm SDTL-CCL
@ |
g 434 i |
‘ém“—’ﬂE O $0mm ¢ mm |
N——
‘3347 3
SDTL
N % AN \
3] B//A/ CCL $5S0mm  ¢60 mm
4 {
18 ‘ — 11 s — :
0.2 03 04 0.5 0.6 0.7 08
beta
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Energy gain
Energy gained by a particle in a cavity of length L :
AW:quz(z)-cosq)(s)-ds &;ﬁ

: w [° ds
with: <p(s):(p0+w-t:(/>o+z —
So

B=(s)
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Energy gain
Energy gained by a particle in a cavity of length L :
AW:quz(z)-cosq)(s)-ds &;ﬁ

with: ¢(s)=¢0+w-t:¢>0+9 T_ds
_ c SO:BZ(S)

Assuming a constant velocity :

AW:quz(Z)COS((PO‘*‘%(5—50))'d5 nll AW =qVp- T(E)cosgbp

A. Chancé The RF cavity NPAC-2022 Particle Accelerators 2-3



Energy gain
Energy gained by a particle in a cavity of length L :
AW:quz(z)-cosq)(s)-ds &;ﬁ

with: ¢(s)=(p0+w-t:¢>0+9 T_ds
_ c SO:BZ(S)

Assuming a constant velocity :

AW:quz(Z)COS((PO‘*‘%(5—50))'d5 nll AW =qVp- T(E)cosgbp

with: Vo = [ |E;(s)|-ds Cavity voltage

A. Chancé The RF cavity NPAC-2022 Particle Accelerators 2-3



Energy gain
Energy gained by a particle in a cavity of length L :
AW:quz(z)-cosq)(s)-ds &;ﬁ

with: ¢(s)=(p0+w-t:¢>0+9 T_ds
_ c SO:BZ(S)

Assuming a constant velocity :

AW:quz(Z)COS((PO‘*‘%(5—50))'d5 nll AW =qVp- T(E)cosgbp

with: Vo = [ |E-(s)|-ds Cavity voltage

JEz(s)sin¢g(s)-ds
J Ez(s)cos¢p(s)-ds

¢p = arctan ( ) Synchronous phase
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Energy gain
Energy gained by a particle in a cavity of length L :
AW:quz(z)-cosq)(s)-ds &;ﬁ

w [° ds

with: ¢(s)=¢o+w-t= (/>o+ ,Bz(s)

Assuming a constant velocity :

AW:quz(Z)COS((PO‘*‘%(5—50))'d5 nll AW =qVp- T(E)cosgbp

with: Vo = [ |E-(s)|-ds Cavity voltage

JEz(s)sin¢g(s)-ds
J Ez(s)cos¢p(s)-ds
T= —fE (s)cos(¢p(s)—¢pp)  Transit-time factor

¢p = arctan ( ) Synchronous phase

:_ifE )et(s)
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One-cell cavity ? fast particle

Electric field (u. a)
S b b o 6 o o &
S @ N o N O 0% o
58 8 8 ¥ 8 & 8

-1.00

Energy gain (u.a)
o o o
2 & &

o
~

0.0

-0.

A. Chancé

.2
-1.00

Fast particle: T =1

- Field amplitude
—— Field in the cavity with time
---- Field seen by the particle

—— Energy gain: AW = qV,T(B)
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One-cell cavity ? medium particle

Medium particle : T =0.85

Electric field (u. a)
S b b o 6 o o &
S @ N o N O 0% o
58 8 8 ¥ 8 & 8

-1.00

- Field amplitude
—— Field in the cavity with time
---- Field seen by the particle

Energy gain (u.a)
o o o
2 & &

o
~

0.0

-0.

—— Energy gain: AW = qV,T(B)

.2
-1.00

A. Chancé

-0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
s

BoA

The RF cavity
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One-cell cavity ? slow particle

Electric field (u. a)
S b b o 6 o o &
S @ N o N O 0% o
58 8 8 ¥ 8 & 8

-1.00

Energy gain (u.a)
o o o
2 & &

o
~

0.0

-0.

A. Chancé

.2
-1.00

Slow particle : T =0.3

- Field amplitude
—— Field in the cavity with time
---- Field seen by the particle

—— Energy gain: AW = qV,T(B)
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Multi-cell cavity

------- Field amplitude

— Field in the cavity with time

---- Field seen by particle at optimum speed
-0.25 ---- Field seen by particle at another speed

-0.50

Electric field (u. a)

=0.75

-1.00

0.8

0.6 —— Theoretical maximum :always on crest
—— Energy gain at another speed: T(8) = 0.2
—— Energy gain at optimum speed: T(8) = 0.8

Energy gain (u.a)

-2.0 -15 -1.0 -0.5 0.0 0.5 1.0 15 2.0

A. Chancé The RF cavity
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Transverse kick

Fr:q(Er_Vz'BG)

_qwrr-Vo T

2 pe )2 sing,-r+0(r®)

F,=

e

At first order: a linear lens.

Increasing with RF frequency.

Phase dependent: front and back differently focused. —
longitudinal-transverse coupling.

> Max acceleration (¢, =0) — no average transverse force.

>

> Quickly decreasing with energy.
>

>
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The RFQ

» The Radio-Frequency Quadrupole (RFQ) is used to bunch continuous
beams at low beta ($<0.1) and accelerate it to an energy where it
can be accelerated by a less expensive structure.

> The transverse focusing is realized with transverse quadrupole
geometry.

» The longitudinal field (for bunching and acceleration) is obtained from
pole modulation increasing progressively (in amplitude and period).

-, <~
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The DTL

» The Drift-Tube Linacs (DTL) is used to accelerate beam with
moderate velocity (0.1 < <0.4).

> The phase difference between consecutive gaps is 27.
> The beam is hidden in drift tube from electric field when decelerated.

> The transverse focusing is made with magnetic quadrupole housed in
drift tubes (left) or outside cavities (right).

Classical DTL Separated DTL
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The CCL

» The Coupled Cavity Linac (CCL) is used to accelerate beam with
large velocity (8> 0.4).

> The phase difference between consecutive gaps is 7.

> Accelerating cells are coupled with either inter-cell holes (left) or
extern coupling cells (right).

> The beam enters the next cell when its field is positive.

> Transverse focusing with magnetic quadrupole outside cavities.

A
iok
[ Guide dafds WR 2300 172 hawisr
Plons duccord en —
fréquence 3 pa culate
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The superconducting cavities

» The SC cavities can be used at all energy, but are mostly used at high
energy.

» Their shape is optimized to minimize the peak fields (magnetic and
electric) on the Nb surface.

» The dissipated RF power is small but is made with liquid Helium (low
cryogenic efficiency).
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Travelling wave cavity

> Essentially used with relativistic beams (f=1).
» The longitudinal filed component is :

E,(r,z,t) =) En(r)- ol(0t-kn2)

> E,,(r)-el(‘”t_knz): space harmonic, driven by the cavity periodicity.
> Particles whose velocity v, is close to the field phase velocity vy
exchange (gain) energy. Vp & Vg = 1

from RF
Source

Input
coupler

coupler
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RF Accelerator design
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3. RF Accelerator design

3-1. Synchronous particle
3-2. Synchronous phase choice
3-3. Momentum compaction
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Synchronous particle: definition

> The synchronous particle is an ideal particle travelling on the
accelerator reference trajectory (around which all elements are
positioned) and whose time arrival is used to synchronize all
time-varying elements (mainly cavities).

> The accelerator is designed with this synchronous particle.
> That is a property of the accelerator (representative of the machine).

» The synchronous particle is not linked to the beam !
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In a cyclotron

Electrode 2
Source

Générateur de tension altemative

Magnetic rigidity. p curvature radius in B field

Cyclotron frequency

A Synchronism condition

Electrode 1
V1

Vi-v2
A

Accélération des ions sur 'harmonique 1
o/ A)xB
27 M,

fu=fr=

© GANIL E.Baron

A. Chancé

RF Accelerator design
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In a linac

> A linac is made of a set of cavities along a linear path s.

> It is designed with a hypothetical on-axis synchronous particle.

Cavity #1 Cavity #2 Cavity #3 Cavity #4

VU}
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In a linac

> A linac is made of a set of cavities along a linear path s.

> It is designed with a hypothetical on-axis synchronous particle.

Cavity #1 Cavity #2 Cavity #3 Cavity #4

Yo

Synchronism conditions [R7FERERTFEE Wz + (¢s.iv1—Ps,i) +2mn
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In a linac: examples

Coupled cavity linac
(27 mode)

Independent cavity linac
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In a synchrotron

C=27nR

N

J

» A synchrotron has h synchronous particles.

» his the harmonic number. heN
C .
> frev= 7 the beam revolution frequency

» Synchronism condition:

= Particle acceleration is made by increasing the magnetic field !

= Do you understand the mechanism ?

A. Chancé RF Accelerator design
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Acceleration condition

> The field should accelerate the particle

N/

4
% 2 s s 0 % 1 20 0

» [E,(s)ds=VyTcos¢p — Cosine convention (mostly linac).

AW >0 N g T >0: -90°<¢p<90°
qgVo T cospp >0 g T <0: 90°<¢p<270°

» [E,(s)ds=VyTsing «— Sine convention (mostly synchrotron).

AW >0 - g T>0: 0°<¢<180°
gVoTsingp >0 g T<0: -180°<¢p<0°
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Stability condition

Energy gain should allow late particles to catch up early ones.

> In a linac,
> Higher energy (and velocity) particles catch up lower energy particles.
> Electric field in cavities should then be growing when synchronous
particle cross it.
> Latest particles gain more energy than earliest particles.

» In a synchrotron,

> Higher energy means higher velocity but also higher magnetic rigidity
leading to higher curvature radius in dipole magnets and then longer
trajectory over one turn.

> A higher energy particle goes faster but on a longer path.

> Knowing if it will gain or lose time is a balance.

> The parameter that tells if the velocity change or path change
dominates is called the slipping factor 7.
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1 df; . : . . :
n= 5 frev is the relative variation of revolution frequency with re-
rev A
spect to the relative momentum 6 = 2p
n>0 A higher energy particle turns faster: linacs and low en-
ergy synchrotrons.
n<0 A lower energy particle turns faster : high energy syn-
chrotrons.
df; dg d¥
frev = @ == = P
€ frev
=
a 1d% is the momentum compactio
==— | momentum com ion.
0% P
Yt=—= is the synchrotron transition energy.
va
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Stability condition

Cavities should allow latest particles to recover earliest ones.

n>0
1
y2

1>
—->Q
),2

linac: n=

LE synchrotron:

T

- \

Vo (normalised)

A. Chancé

O

Stable with a rising field

RF Accelerator design

NPAC-2022

n<0
1
HE synchrotron: — <a
Y
- P “
; / hY

L26)

Stable with a falling field

Particle Accelerators 2-3



Periodic dispersion function
Off-momentum particles are not oscillating around the design orbit, but

around a chromatic closed orbit, whose distance from the design orbit

depends linearly on 4.
Xg(s) = Dp(5)5

D, is the periodic dispersion function.

= ) \ Design orbit

Design orbit
Chromatic close orbit

Off-momentum

On-momentum
particle trajectory

particle trajectory

Particle Accelerators 2-3
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Momentum compaction a

The momentum compaction is the relative variation
g 1d€ _1dR  of path length with respect to the relative
6 OR momentum
> Generally a >0 : longer path for higher energy particles.
» The momentum compaction can be calculated from the periodic
dispersion function Dj.

D - 0x Variation of the transverse position
P~ a8 with relative momentum.
¢=2np+n-L=27R - <DP>dipoles
d€ =2m (P + <dX>dipoIes) —2mp a“= R

=271 <DP>dipoIes g
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Acceleration summary

Only electric field gives kinetic energy.

Energy gain = integral of electric longitudinal component.
Many technologies to give energy.

Mostly used: RF cavity.

Characterized by: modes, shunt impedance, transit time factor.

Accelerator tuned with a synchronous particle (phase, energy).

vy vV vV Yy VvV VY Y

Different synchronism conditions in linacs, synchrotrons and
cyclotrons.
> Synchronous phase :

» Acceleration condition, field should be accelerating,

> Stability condition, field should be :
> increasing in linac and synchrotron at low energy — velocity driven,
> decreasing synchrotron at high energy — trajectory driven.
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4. Longitudinal dynamics

4-1. Phase spaces

4-2. Synchronous particle

4-3. Phase evolution

4-4. Energy evolution

4-5. Periodic-continuous focusing channel
4-6. Synchrotron oscillation

4-7. Phase-space trajectory - Hamiltonian
4-8. Adiabatic damping

4-9. Matching
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Longitudinal phase spaces

Independent variable: time t [Independent variable: position s]
Longitudinal position: Phase or time:
6z (m) dp=w-0t
Longitudinal momentum: Energy
dpz (eV/c) SW (eV)

1= cst
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Synchronous particle reference

Particle’s longitudinal coordinates are represented with respect to those of
the synchronous particle.

¢=@—@s s the particle relative phase
0E =E—-E; s the particle relative energy
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Phase evolution in a drift

> frr is the RF frequency
> v, =f;-c is the longitudinal component of the particle velocity,

> c is the physics constant corresponding to the speed of light in
vacuum,

> ARf is the RF wavelength in vacuum.

In the frame attached to the synchronous particle:

B-Bs g3

«<1 —x1

Assuming;:

We obtain:

AR ply3mc?

Q : What is the particle motion in longitudinal phase-space ?

Particle Accelerators 2-3
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Energy evolution in a cavity
AE=q-Vy:Tsing

» T is the transit time factor,
> ( is the synchronous phase of the particle trough the cavity.

In the frame attached to the synchronous particle:

ASE =qVy T (cos@s-sing —sings (1 —cos¢p))

Q : What is the particle motion in longitudinal phase-space ?
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Particle phase-space motion

In a drift

S 4

P

—~a—g

h

\4

v

In a thin cavity
ok 4
2y

B
*W—}

Q : What is the sign of n and gVysings ?

A. Chancé

Longitudinal dynami

CS

NPAC-2022
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Equivalent channel

> In a real accelerator, cavities are generally regularly distributed.

> These cavities are tuned to keep the particle oscillating around the
synchronous particle (stability condition).

> This set of cavities can be considered as a periodic focusing channel,
and, like in transverse dynamics, one can define a longitudinal phase
advance per lattice (period) o as the fraction of oscillation (called
synchrotron motion) of a particle over one lattice of length L.

> Two focusing channels are said equivalent if they have the same
phase advance per unit length (%)
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Phase-space trajectories

Smaller phase advance = More regular trajectory
More regular trajectory = Model of the continuous focusing
channel more relevant.

S6E (MeV)

Particle Accelerators 2-3 64/93

A. Chancé Longitudinal dynamics NPAC-2022



Continuous focussing channel

» In a continuous focusing channel, the beam is considered in a
continuous field Ep.

» The motion equations are then simple (at least to write) with a
confinement force not depending on time.

1.00 4

0.98 1

o
©
o

VoT/L (normalized)
o
©
B

dp  2n  SE

ds  Arf . By3mc2 052
doE . .
- qEo T (sin(¢p+ @s) —sings) ™ — - 3

Average field in equivalent channels
slightly depends on phase advance
per lattice.
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Synchrotron oscillation

> Preceding equations have been established considering a straight
drift-space between cavities (linac case).

> In a synchrotron, drift spaces contain dipolar magnets, which
complicated (a little) the preceding equations:

1 1
> One has to replace: — by 7. Reminder: n=— -a.
Ys Ys
> One gets:
dp  2m-n oE
ds  Arr  piysmc?
doE

— = —qEo T (sings (1 —cos¢p) —cospssing)

d?¢ _2mn qEoT
ds?2 AR ﬁgysmc2

» This is a non-linear oscillator equation describing the synchrotron
oscillation.

(sings (1 —cos¢) —cosgssing)
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Hamiltonian

The particle motion can be described using a function of phase and
energy: the motion Hamiltonian H(¢,dE;s)

2 —6H/65Ej_(d¢/ds ]
Hamiltonian OH /0¢ doE | s
definition: oH o9
a9 __OH [8H /85EJ
ds 00 F iso-Hamiltonan
ﬁ = ﬂ cuves : H=Cs*
ds  0¢

_ g Ve

H(¢p,0E;s) —qEo T (sings (¢p—sinp) — cosps (1 —cos))

~ ARF pysmc?
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When ¢s = 0° or 180°, the synchronous particle is not accelerated.

Bucket

Separatrix

dE (ua.)

o)

Q : In which sense are the particles turning ?
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°: below the transition y <y;

¢s = 0 deg, Es = 4 GeV, Fp = 0.2 kV/m, y: = 6.1

turn : 0

-150 -100 -50 0 50 100 150
¢ [degrees]
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Animation ¢ = 180°: above the transition y >y,

¢s = 180 deg, Es = 8 GeV, Eo = 1.0 kV/m, y; = 6.1

15 4 turn : 0

10 A

—10

—15

-150 -100 -50 0 50 100 150
¢ [degrees]
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Phase-space trajectory ¢, = 30° or 150°

When ¢s = 30° or 150°, synchronous particle gets 50% of the possible
energy gain (sin30°).

Bucket
1: Separatrix
0,8 /
o4
E:« 0
e

?)

Q : In which sense are the particles turning ?

A. Chancé Longitudinal dynamics NPAC-2022
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Phase-space trajectory ¢, = 60° or 120°

When ¢s = 60° or 120°, synchronous particle gets 87% of the possible

A. Chancé

dE (ua.)

energy gain (sin60°).

Bucket

| Separatrix

|-

-180  -150 -120 -90 -60 -30

Longitudinal dynamics

NPAC-2022
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Animation ¢ = 60°: below the transition y <y,

A. Chancé

6E [MeV]

¢s = 60 deg, Es = 4 GeV, Eo = 0.4 kV/m, y; = 6.1

turn : 0
1.0 A
0.5
0.0 ® { ] L g ® { ]
_05 -
_10 4
-40 -20 0 20 40

¢ [degrees]

Longitudinal dynamics NPAC-2022 Particle Accelerators 2-3




Animation ¢ = 120°: above the transition y >y,

A. Chancé

¢s = 120 deg, Es = 8 GeV, Eo = 2.0 kV/m, y: = 6.1

turn : 0

—4 A

40 20 0 20 40
¢ [degrees]
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> The Bucket is the phase-surface where particles are accelerated. They
oscillate around synchronous particle and get the same average energy
gain.

> The separatrix is the bucket frontier.

> The closer the synchronous phase from the crest, the higher the
acceleration but the lower the bucket size.

» At injection in a synchrotron, the synchronous phase is ¢s = 0° or
180°.
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Unhooked particles

dE (ua.)

-470 -1800 80 ] o0 120 7 360 450 540 axii] 70 210

> The unhooked particles are not accelerated in average.

» They get late (n>0) or early (7 <0) on synchronous particles.
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eV

. ___PI[ _______ 2 e e et !

M,

'Stable for n>0 Sfable for >0

Bucket phase size

(23 = Dpr 1= (4

First phase stability limit, P, such as: O(P2) =7 —2¢s
Second phase stability limit, P3, such as:  H(¢(P3),0) = H(¢(P2),0)
Energy stability limit, 6 Emayx, such as: H (0,6 Emax) = H(¢(P2),0)

A. Chancé
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Bucket phase size

The second phase stability limit, P3 , is such as:

H(p(P3),0) = H (7 - 2¢5,0)
H(m—2¢s,0)=2qEy T - (cosq)S - (g - (ps) sin (ps)

n <0 Synchronous phase [°]
180 170 160 150 140 130 120 110 100 90

200 . 1.00
— Upper phase acceptance

o 1501 — Lower phase acceptance [ 0.75 o
] energy acceptance H
$ 100 A F0.50 £
2 ]
L 501 F025 &
et >
s o
e o 0.00 g
2 5
)

é —50 A r—0.25 E
x =
o 4 | ©
@ -100 0.50 E
© o
£ —1501 Fr—0.75 =

—-200 T T T T T T T T -1.00

0 10 20 30 40 50 60 70 80 90
n >0 Synchronous phase [°]
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Bucket energy size

The energy stability limit, 6 Emax, is such as:
AN
H (0,0 Emax) =2qEo T - (cosq)s - ((ps - 5) sin (ps)

3 2
T . mc?A
6Emax=1/29E0 T - (COS(PS - (5 —(Ps)sm(ps) : ﬁsst—nRF

n <0 Synchronous phase [°]
180 170 160 150 140 130 120 110 100 90

200 1.00
Upper phase acceptance
2. 1507 Lower phase acceptance [ 0.75 ]
I —— energy acceptance S
& 100 A Foso £
2 g
L 50 F025 &
e >
S o
2 o 0.00 §
c
i) o
]
é —501 r—0.25 'uz
3 =
@ 4 F
o -100 -0.50 2
g S
£ -150 1 F-0752
-200 T T T T T T T T -1.00

0 10 20 30 40 50 60 70 80 90
n >0 Synchronous phase [°]

A. Chancé Longitudinal dynamics Particle Accelerators 2-3



Linearisation at low amplitude

» For ¢p < 1, the Hamiltonian can be approximated by:

T SE? 2

¢
O0E +qEy T cosps - —
H(¢,6E) = e payme T IE0TCos0s

> This is an ellipse equation in phase-space.

» Particle motion is an harmonic oscillator:

d*¢ _ 2mn qEoT 9%
= COos . =
ds? ARF ﬁsysmc2 s 3 2 ¢

» The synchrotron wave number is:

Q EoT
Qs0 = >0 —‘6\/ LA L -COS s

271 ARF ﬁsYsmcz
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Wave number spread (equations)

Q.- f € € trajectory path length
s 0 [om d¢ & trajectory length over one
Gmin d¢/ds synchrotron oscillation.

with
dp__om _oE

ds ARF ' ﬁz’ysmc2

3 2
OFE = \/'BSY+;ARF (Ho+qEo T (sings (¢p—sing) —cosgs (1 —cos¢)))

Qs _ v2n

Qs,O - j‘(!)max dd’
min | (cos p—cos Pmax ) +tan @s((d—Pmax)—(Sin d—sin Pmax))|
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Wave number spread (plots)

Bucket
Separatrix

Bucket
3 . Separasric
@
8¢ p
3 i s
Bucket
Separatrix
0.0 T T T T T T N
0.0 0.2 0.4 0.6 0.8 1.0 M
Omax/ (M= 2¢s) ‘ S -

NPAC-2022 Particle Accelerators 2-3
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Wave number spread (animation)

¢ = 0deg, E. = 4 GeV, Ep = 0.2 kV/m, y¢ = 6.1 ¢ = 60 deg, E; = 4 GeV, Eo = 0.4 KV/m, y; = 6.1
turn : 0 turn : 0
1.0
3
2
05
=1 =
> >
(] ()
Z o0 3 3 . . . Z o0 3 . . . .
W W
© o
-1
-0.5
-2
-3
-1.0
-150  -100 -50 50 100 150 -40 -20 20 40

0 0
¢ [degrees] ¢ [degrees]
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Adiabatic damping

dp _ omn O
ds — ARF Plysmc?

doE
e =qEy T (cos@ssing —sings (1 —cos¢))
d (Bdys d 2
e (/55177/5 d_lb) = —ARF]:”CQ qgEo T (sings (cos¢p— 1) + cospssin )
e ) 2 EoT
5 n-n-qEp _ _
d52 ( ) e =—W(sm(ps(cosgb—1)+cosq055|n</>)
s/s
%,_/
Adiabatic
matching
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¢s = 60 deg, Es = 4.000 GeV, Eo = 0.4 kV/m, y; = 6.1

turn : 0
1.0 4
0.5 1
S
]
= 00+ ° ° ° ° °
w
1S
_05 m
_10 m
—-40 -20 0 20 40

¢ [degrees]
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Reminder:

PerIOdIC, “neal’ fOFCG transverse dynamics

> In the highest simplification level, the external force along direction w
(x, y or ¢) can be considered periodic, linear, uncoupled and
undamped over one period :

2

T‘;V+kw(s)-w=0 kw (s+F) = kuw(s)

> Giving:  w(s)=v/2JwPBwm(s) cos(¥w(s)+wwo) with:

Hill's equation :

with : o and J,, constant,

S ds

so Bwm(s)’
and Bum(s) = Bum (s+F)

Yw(s)=vwo+
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See also:

Periodic, linear force (2) e dynamics

> In the (w,w’) phase-space, the particle is moving on an ellipse of
equation :

YW’"(S) ’ W2 + 2awm(5) wew' + ﬁwm(s) : W,2 = 2Jw

1dBy
Courant and Snyder parameters: @ ym(s) = -5 ﬂdr:(s)
1+ajm(s)
wm S)=——————

Y ( ) .me(s)

> The phase advance of the particle in the lattice is:

p=y(s+7)-y(s)
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See also:

Periodic, linear force (animations) e e dynais

@ Particle
------ Particle ellipse
Phase-space trajectory Phase-space periodic looks

—  Particle trajectory —  Particle ellipse maximum size
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RMS dimensions

See also:
transverse dynamics

The rms dimensions of the beam are defined statistically as followed :

RMS size: Oy = <(W—<W)>)2>

RMS divergence: o, = <(W’— (W')>)2>

RMS emittance: €, = \/Uw‘Uw' —{(w—=(w))(w' - (W’)))>2

The beam Twiss parameters are then

NGOOD : 10000710000 =400 mé

CEASecly- DSUIDARYIAREA
K-Hp [mim-med] Y-Yi [mm-mrad]
1
5 0s
g a/ o w!
Bu=" yu=—t
€w €w B
, / Phase-Energy [deg-WeV]
((w=w)) (W = (w))) =
ay =
€w
2 ! 12 _
Ywm W +20wm W W'+ Bwm W' =5ew Womtt 55MeV Pracoc0 058 deg
A. Chancé

4 2 0 2 4
mex =3513mm Ymax = 2.436 mm
Longitudinal dynamics

NPAC-2022
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See also:

(Mis-)matched beam e

50% mismatched beam
Phase-space periodic looks

Phase-space trajectory

Aw = Awm /I/‘“\\\
Bw = Bwm Nl
Yw =Ywm

h!
N

— Matched beam

----- Bigger input beam

..« Smaller input beam

--- Mismatched beams -
(Phase-space scan)

NPAC-2022 Particle Accelerators 2-3
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See also:

(Mis-)matched beam (animations) anavee dynamics

> Mismatching = Emittance growth and Halo formation through :

> non linear forces (external or space-charge),
> resonance of some particle motion with core oscillation (space-charge).

0.5 15 ]
3 -
g
04 L3 ) I
‘_,.,-""'—Fk 1 d4 7
s 0 = 05| R
g & 0 )
02 “os oo
a1 I T
01 -15 o b
. - 3
g = 0396 5 S
" 16 32 48 64 3 96 112 128 T ces 0 05 1 LS
£ wr
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(Mis-)matched beam (illustration)

See also:
transverse dynamics

r'fR'a
=)

2
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Summary — Longitudinal dynamics

> Particle longitudinal motion described in (Phase; Energy) phase-space.

> With respect to the synchronous particle (representing accelerator)

A\

Particle oscillation around synchronous particle (synchrotron
oscillation)

Periodic focusing — continuous focusing
Motion L Hamiltonian gradient

Stable region: bucket inside separatrix
Adiabatic damping in phase when acceleration

Non-linear motion

vV VvV vV VY

Filamentation for mismatched beam — emittance growth
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