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CKM Matrix and CP Violation
1. Cabibbo-Kobayashi-Maskawa (CKM) Matrix

1. Concept and definition
2. Number of parameters and CP violation
3. General parameterization
4. Measurements, size and pattern of the CKM elements
5. The Wolfenstein parameterization
6. The unitarity triangles

2. Flavour oscillations
3. Classification of CP violation effects
4. Experimental techniques for flavour tagging
5. Measurement of the CKM angle beta
6. Other unitarity triangle measurements
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The CKM (Cabibbo, Kobayashi, Maskawa) Matrix
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In the SM, the CKM matrix originates
in the Higgs sector, where it is the
product of two unitary matrices that
diagonalize quark mass matrices
arising from spontaneous breaking
of electroweak symmetry.
It appears in the Lagrangien as:

In the quark sector: weak Int. eigenstates ¹ flavour eigenstates

ó States that participate in weak processes are linear combinations of flavour eigenstates
ó Existence of 3X3 unitary matrix describing the mixing of quarks: the CKM Matrix



The CKM Formalism and CP Violation
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Transition amplitude between, 
e.g., b and u quarks

b u
W-

Vub
If the CKM matrix is not real (CKM phase) Þ V*ub¹ Vub

Þ different behavior of matter and anti-matter
Þ CP violation!
(question: why are we talking about CP and not simply about C?)
Obviously, this single amplitude cannot give an observable CP violation. We must 
have a sum of amplitudes à contribution from a few processes

Transition amplitude between, 
e.g., b and u anti-quarks

W+

V*ub
b u

But is the CKM matrix complex?



Number of paramaters in the CKM Matrix (I) 
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Number of physical (non-reducible) parameters corresponding to n quark generations
The CKM matrix (VCKM) is an n x n complex matrix
Þ in general, contains 2n² real parameters. 
VCKM is unitary V†V ( = VV†) =  1   Þ n² constraints Þ n² real parameters. 
Each quark field has an arbitrary phase. As this phase cannot be observed and do 
not influence the system Þ physics is invariant under the transformation:

The overall phase cannot be fixed a-priori Þ 2n-1 phases can be removed from VCKM

Þ n²-(2n-1) = (n-1)² independent meaningful parameters
A practical way to construct a unitary matrix with the smallest number of phases:

Start from an n x n (real) rotation matrix Þ ½ n(n-1) rotation (mixing) angles
Take the other parameters as phases (non-reducible Û cannot be rotated away).
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# generations # parameters # angles # non-reducible phases

n (n-1)² n(n-1)/2 n(n+1)/2 –(2n-1)=(n-1)(n-2)/2
2 1 1 0
3 4 3 1
4 9 6 3

No phase for two 
generations!

Number of paramaters in the CKM Matrix (II) 

è At least 3 generations are needed to have the CKM phase and CP violation!

10 free parameters in the flavour sector of the SM:

6 quark masses ~ 
 h

al
f o

f 
th

e 
SM

4 CKM parameters

The fact that there are 3 families (with neutrino mass < ½ MZ) has been proven at LEP from 
the width of the Z mass peak. 

A comment about the quark sector of the standard model: 



The 2008 Nobel Prize in Physics  
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From the BaBar statement following the Nobel Prize:
[…] They found that it was very hard to construct a plausible
explanation of CP violation in quark decays working with only these two
generations of four quarks. Their brilliant insight of 1972 was to realize
that by extending the number of generations to three — and hence the
number of quarks from four to six — CP violation appears quite
naturally. Thus their description of CP violation entailed the very bold
prediction of two entirely new and unobserved types of quark, now
called "top" (t) and "bottom" (b). Quite remarkably, these new quarks
were indeed discovered experimentally, the b in 1977 and the t in
1995. More recently, Kobayashi and Maskawa's description of CP
violation in quark decays was confirmed in detail by precision
experiments at BaBar and Belle; their Nobel prize followed.

was awarded to Kobayashi, 
Maskawa, and Nambu for 
their work on symmetry 
breaking and CP violation.
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There is no unique parameterization of the CKM matrix. 
We can use, for example:

This representation is the one used by the PDG (p. 211 in PDG 2016, removed from PDG 2018, but 
can still be found in sec. 14 – Neutrino mixing) 

CKM Matrix Parameterization 
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Remark: the number of possibilities is 
(3!)rotation permutations ´ 3d´ 2 d=±1  = 36 possibilities



Size of the elements and pattern of the Matrix
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(diagonal terms dominate : d~d’, s~s’ et b~b’)

We notice that, with    λ= sin qc ≈ 0.22

l1 l²l3

The SM does not provide an explanation for this numerical pattern! 
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Wolfenstein Parametrization
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l= sin qc
A ~ 0.8
r ~ 0.20 
h ~ 0.35

4 parameters

Power series of l=sin(qcabibo)»0.22
At order  l3:

At order  l5:
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Unitarity conditions
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Diagonal relations (unitarity) 

Off-diagonal relations (orthogonality)
from VV+ =  1   3 independent relations
(3 are conjugates of 3 others)

from V+V =  1
3 other independent relations

The 6 orthogonality relations describe 
triangles in the complex plane



“The” Unitarity Triangle
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VCKM Unitarity Þ

~l3 ~l3 ~l3

This triangle is related to b-hadron decays
We notice that it’s sides are comparable
It is usually divided by VcdV*

cb (side of length 1)
Often called “the” unitarity triangle

CP Violation is possible in the Standard Model only if 
VCKM is complex ó h ¹ 0 ó Unitarity Triangle is not flat

We want to determine r and h experimentally by measuring the triangle sides and angles



Angles and apex of “The” Unitarity Triangle
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ß These are the exact coordinates of the apex
They slightly differ from of the
Wolfenstein parameterization, at O(λ5)

By construction α + β + γ = π
(only two independent angles)



Flavour oscillations in the neutral kaons system
(case with no CP violation)
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• Amp. of an (instable) mass eigenstate (e.g. KS):  

• For the  K0- K ̅0 system:

• Probability:  

KL :

( )= + = =0 0 01 1     donc   (0) (0)
2 2S L L sK K K a at = 0: pure beam of K0. Given that: Þ( )= + = =0 0 01 1     donc   (0) (0)

2 2S L L SK K K a a
At time t (in natural units): 
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Oscillation Frequency
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The experimental measurement for neutral kaons gives:
-D @ × >63.52 10       

L sK Km eV m m

Note that by measuring the frequency we can access experimentally a tiny 
mass difference Dm/m ~ 0.7 10-14 !!!

W+

K0 K̅0
s̅

d d̅

s

u, c, t u, c, t

Very small mass difference 
(due to weak interaction). We 
don’t have to worry about it…

Recall that this measurement gives access to some of the parameters of 
the SM: CKM matrix elements.

(it also provides information on the mass of the dominant virtual quark in the box, here: c-quark)

In this diagram the c quark gives 
the dominant contribution (similarly 
to the t quark in loop/box diagrams 
of b decays and oscillations)
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Comparison of K, Bd and Bs Oscillations
Oscillations (mixing) characterized by mass 
and lifetime differences between the two 
eigenstates of weak interaction.
Differences between flavours:

K: very different states (because of the 
phase space difference)
Bd: Oscillation and decay are comparable
Bs: Rapid oscillations

E-E0 (ħ/ps)

E-E0 (ħ/ps)E-E0 (ħ/ps)

K

BsBd

Mind the 
scales!

KLONG

KSHORT

woscillation (Δms)

1/(lifetime)
BLIGHT

BHEAVY

Δmd



And Finally D-Oscillations
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excluded at 5.7s
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SM: D mixing 
expected at 
≲ 1% level

E-E0 (ħ/ps)

Very slow oscilations
An experimental challenge!
Both BaBar and  Belle observed mixing 
(Winter 2007)
Results are consistent with SM
Charm sector: only place where CP violation 
with down-type quarks in the mixing diagram 
can be explored.

LHCb has now taken 
over these 
measurements
CP violation in Charm 
decays was observed 
by LHCb in 2019



Time Evolution Plots (I)
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Time evolution plots (II)
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From “Physics of B Factories” book (arXiv:1406.6311) 
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The B0 mixing was observed for the first time in 1987 by the Argus collaboration:

This predicted that
m(top) > 50 GeV ! 

B factories: 
(2005)

asymétrie: µ cos(Dmdt)
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Here (B-meson decay), we must choose final 
states into which both a B0 and a B0 can decay.
Logic: “perform the experiment twice”
(starting from B0 and from B0), then compare 
the results.

Classification of CP Violation effects
Direct CP Violation (CP Violation in Decay):

𝛤(X→f) ≠ 𝛤(X→f) (| Af | ≠ | Af |)
To measure it, only need to count events (e.g. for B0→K+π−)
Rates are different ó CP is violated
This is the only possible type CP violation in charged-particle and baryon decays 

CP violation in mixing: 𝛤(B0→B0) ≠ 𝛤(B0→B0) (|q/p|≠1)
N.B. unlike in neutral kaons, for B0 and B0s decays |q/p|≃1
CP violation in the interference between decay and mixing: 

𝛤(B0→f) ≠ 𝛤(B0→f)     (e.g. for B0→J/ψ KS)
may occur even if  |q/p|=1 due to the phase of q/p

source 1A

2A

In the double-slit experiment, there are 
two paths to the same point on the screen.

1A

2A

Analogy to “Double-Slit” experiment

Direct decay

Mixing
f



B tagging technique at B factories (Υ(4S))
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B tagging technique at hadron colliders
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3/20 Ulrich Eitschberger | Updates on Flavour Tagging | 72nd LHCb week | June 19th, 2014 

Flavour Tagging: Determine B production flavours 
SS Pion 
SS Kaon Signal Decay 

Same Side 

Opposite Side 

OS Vertex Charge OS Muon 
OS Electron 

OS Kaon 

PV 

(SS)

(OS)



24

Measurement of sin(2b) with B0 ® J/y K0
S

Final state accessible to B0 and B0à Time dependent asymmetry:
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sin2β measurement
[BABAR, PRD79, 072009 (2009)]
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Unitarity triangle measurements (2018)
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