
M2 NPAC - Particle physics (2022-2023)

Correction Exercise sheet № 5 - QED and PDFs

Heavy photon production at the LHC

A- Cross section qq̄ → µ+µ−

1. There are 2 similar diagrams. The first one is the QED one from the course. The second
one looks similar but with the exchange of a heavy photon rather than a QED photon.
For the latter one, the 2 couplings are multiplied by gH and the propagator is different.

2. The QED matrix element can be written as

iMQED = ū(k1) (i (−1)e γµ) v(k2)× v̄(p̂B)(i Qq e γ
ν)u(p̂A)×

−i ηµν
(p̂A + p̂B)2 + iϵ

,

iMQED =
Qq

ŝ+ iϵ
× (iMf ) ,

iMf = −i (4π)
e2

4π
ū(k1)γ

µv(k2)× v̄(p̂B)γµu(p̂A) ,

(1)

where we used
√
ŝ = (p̂A + p̂B)

2. For the heavy photon exchange, the changes to the
matrix element are minor:

iMH = ū(k1) (i gH (−1)e γµ) v(k2)× v̄(p̂B)(i gH Qq e γ
ν)u(p̂A)× PH(p̂A + p̂B),

iMH =
g2H Qq

ŝ−M2
H − i MH ΓH

× (iMf )

iMH =
g2H ŝ

ŝ−M2
H − i MH ΓH

× (iMQED)

(2)

3. The total matrix element is therefore the sum Mtot = MQED+MH , which gives for the
cross section (using the master formula)

dσtot =

∣∣∣∣1 +
g2H ŝ

ŝ− i MH ΓH

∣∣∣∣2 × dσQED with

dσQED =
1

2EA 2EB|βA − βB|
× |MQED|2 × (2π)4δ(4)(pA + pB −

i≤2∑
i=1

ki)

i≤2∏
i=1

d3k⃗i
(2π)3 2Ei

.

(3)

The prefactor in front of dσQED does solely depend on ŝ and therefore can be factorized

from the integration over d3k⃗1, d
3k⃗2. This gives:

σtot(ŝ) = FH(ŝ)× σQED(ŝ) (4)

with

FH(ŝ) =

∣∣∣∣1 +
g2H ŝ

ŝ− i MH ΓH

∣∣∣∣2
FH(ŝ) = 1 +

2 g2H ŝ (ŝ−M2
H)

(ŝ−M2
H)

2 + M2
H Γ2

H

+
g4H ŝ2

(ŝ−M2
H)

2 + M2
H Γ2

H

(5)
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4. The cross section is in 1
√
ŝ (cf. course QED) with a resonant peak at ŝ = M2

H (cf course
on Breit-Wigner).

5. The term

IH(ŝ) =
2 g2H ŝ (ŝ−M2

H)

(ŝ−M2
H)

2 + M2
H Γ2

H

is exactly zero for ŝ = M2
H . This represents the interference between the QED produc-

tion, the first term (i.e. the factor 1 in FH) in FH , and a pure heavy photon production,
which is the last term in FH .

6. In the vicinity of the peak, this term is negligible if 2 (ŝ − M2
H) ≪ g2H ŝ, with ŝ =

(MH + δM)2 ≈ M2
H + 2MH δM (to first order in δM). This gives the constraint that

|4 δM | ≪ g2HM
2
H to first order in δM , which is satisfied for all δM ∈ [−ΓH ,ΓH ] if

4
ΓH

MH

≪ g2H (6)

B- Total width of heavy photons

1. The Feynman diagram is just the vertex with a heavy photon as in-coming particle.

2. The partial width to µ+µ− is given by

Γµ =
1

2 MH

× |Mµ|2 × (2π)4δ(4)(k1 + k2 − qH)
d3k⃗1

(2π)3 2E1

d3k⃗2
(2π)3 2E2

,

Γµ =
1

2 MH

× |Mµ|2 × (2π)δ(2× k∗ −MA)
k2
∗ d k∗ dΩ1

(2π)3 2 k∗

1

2 k∗
,

(7)

computed in the center of the heavy photon given by qH ≡ (MH , 0⃗). For the second line,

we integrated over (2π)3δ(3)(k⃗1+veck2)
⃗

d3⃗2k, which is fixing k⃗2 = −k⃗1. In addition since

the masses are neglected we used in the center of massE1 = E2 = |k⃗1| = |⃗k2| ≡ k∗. Since
|Mµ)|2 is independent on k∗ and Ω1, we can integrate (remember that δ(2 k∗ −MA) =
δ(k∗ −MA/2)/2).

Γµ =
1

2 MH

× |Mµ|2
1

2

4π

(2π)2 × 4
,

Γµ =
1

2 MH

4π

3
α g2H M2

H

1

8π
,

Γµ =
1

12
α g2H MH .

(8)

Thus, we find that Nµ = 1
12

which is a constant number (independent of MH in partic-
ular).

3. Neglecting all fermions masses (which is not a good approximation for the top quark but
for all the other fermions this is perfectly fine), all the partial widths to fermions are
given by

Γf = Nc Qf × Γµ,
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where Nc is the number of colors, 3 for quarks and 1 for leptons, Qf the electric charge
of fermion f . Summing over all fermions

ΓH = Γe + Γµ + Γτ +
∑

q∈[u,d,s,c,b,t]

Γq

ΓH = 3Γµ +Nc × (3Q2
u + 3Q2

d)Γµ

ΓH = 3× (1 + 3Q2
u + 3Q2

d) Γµ

ΓH =
1 + 3Q2

u + 3Q2
d

4
α g2H MH .

(9)

Thus,

NH ≡ 1 + 3Q2
u + 3Q2

d

4
=

2

3
.

4. For gH ≡ 1, α = 1/100, we find that

ΓH =
2

3

1

100
1 1000 ≈ 6.7 GeV .

5. IH is negligible if 4 ΓH

MH
≪ g2H which is equivalent to 8

3
α ≪ 1 which is indeed always true

since α ≈ 1/100.

C- Kinematics of the heavy photon

1. p̂i ≈ xi × pi

2. Since ŝ = (p̂A + p̂B)
2 = 2 p̂A p̂B and s = (pA + pB)

2 = 2 pA pB, we immediatly obtain

ŝ = xA xB s

3. The energy and longitudinal momentum of the produced heavy photon are obtained by
the 4-momentum conservation

EH = xAE + xBE = (xA + xB)E

pzH = xAE − xBE = (xA − xB)E
(10)

4. This gives for the rapidity

YH =
1

2
ln
(xA + xB)E + (xA − xB)E

(xA + xB)E − (xA − xB)E

YH =
1

2
ln

(
xA

xB

) (11)

5. First, we need ŝ to be higher than MH to have enough energy to produce a heavy photon.
Then, because of the phase space, the total production is dominated by the production
of a heavy photon at rest. Therefore

√
s ≈ MH
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6. From the previous questions, we obtain the system

xA xB =
M2

H

s
xA

xB

= e2YH

(12)

which gives by multiplying and dividing the two equations

x2
A =

M2
H

s
e2YH

x2
B =

M2
H

s
e−2YH

(13)

Taking the square root, one obtains the desired result.

D- Heavy photon production at the LHC

1. To obtain a heavy resonance we need x to be large. q will tend to come from a valence
while q̄ is necessary a sea quark. Sea quarks are produced at low x while valence quark
can be produced with xv ≥ 0.1. Thus we expect xA > xB, i.e. a valence quark vs a sea
quark.

2. In order to have xA > xB, we expect YH > 0 from the Eq. 4 in the text. The numerical
application gives

xA ≈ 0.13 and xB ≈ 0.05 (14)

3. q is indeed mostly a valence quark (xA ≈ 0.13) since it the valence quark peak, while q̄
is a sea quark (can not be a valence quark).

4. Given the pdf for u and d in Fig. 1 , the production will be dominated by uū and then
dd̄. In addition the charge of Qu is equal to 2 × Qd, giving an additional boost (from
the matrix element) to the cross section compared to dd̄. The other qq̄ productions are
much smaller since for x = 0.13, the pdf for sea quarks (only possibility for s, c, b) are
very small while all the other parameters in the productions (especially the couplings)
are identical.
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