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QFT - part 2 Problem set n̊ 1

Spinor algebra

The Dirac matrices are defined in terms of the basic property :

{γµ, γν} = 2gµν14 (1)

where gµν is the Minkowski metric diag(1,−1− 1− 1) and 14 is the identity matrix.
A basis for positive and negative frequency solutions of the Dirac equation is given by :
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where ξs are the two-component spinors

ξ1 =

(
1
0

)
ξ2 =

(
0
1

)
.

In the expressions (2)
σµ = (12, σ

i), σ̄µ = (12,−σi)
where σi are the Pauli matrices.

1 Traces of γ matrices

1. Without using the explicit representation of the γ-matrices, but only equation (1),
show that

Tr (γµγν) = 4gµν ,

Tr (γµγνγργσ) = 4 (gµνgρσ − gµρgνσ + gµσgνρ) .

where the trace is over the spinor indices.

2. Deduce expressions for Tr (/a /b) and Tr (/a /b /c /d), where aµ, bµ etc. are 4-vectors.

3. Show that Tr (γµ) = 0

2 Spin sums

In what follows, α, β... are spinor indices, and run from 1 to 4, s, s′... run over the
polarisation (1,2).

1. Show that

ūs(p)us
′
(p) = 2mδss

′
, v̄s(p)vs

′
(p) = −2mδss

′
, v̄s(p)us

′
(p) = ūs(p)vs

′
(p) = 0

2. Show that
ūs(p)γµus

′
(p) = 2δss

′
pµ

3. Show that

2∑
s=1

usα(p)ūsβ(p) = /pαβ +mδαβ ,

2∑
s=1

vsα(p)v̄sβ(p) = /pαβ −mδαβ

Notice that in excerices 1 and 2 spinor indices are contracted, while in excercise 3 they are
not.
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