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Chapter 1

Many-body quantum mechanics

This chapter is first devoted to recall the basic principles of quantum mechanics and the
necessity to add two principles when addressing a many-body system of identical particles.
The notions are then applied to the cases of one- and two-nucleon systems, where relevant
operators and one- and two-body bases are discussed.

1.1 One-body quantum system

1.1.1 Basic postulates

Let us first focus on quantum systems made of one particle of mass m, spin 1/2 and isospin
1/2.

1. Allowed physical states are represented by vectors of a Hilbert space Hy, i.e. |¢) € Hy,
which can be decomposed as the tensor product of three Hilbert spaces associated with
different dynamical variables

7‘[1 = 7‘[1

® Hi ® Hlisospin ) (1'1)

space spin

where H_,.. relates to spatial coordinates, H;
isospin coordinates.

to spin coordinates and Hq,___ . to

spin isospin

2. An observable A is represented by a self-adjoint operator A acting on H;. In particular,
operators 7 p, §, and 7 denoting respectively position, momentum, spin and isospin
observables form an irreducible set, namely they constitute a minimal set such that no
operator commutes with all of them at the same time. This implies that any physical
observable A can be described by an operator that is a function of these four operators,

AAAAA

ie. A= A(F,p,5,7).

Sacts on Hi__. and

spin

Different operators act on different spaces: 7 and ﬁ act on H;

space?
7 acts on Hy, ;.. Operators 7 and p’are related to their classical counterpart by the
principle of "associated operators"

7 7 (1.2a)
p=—ihV , (1.2b)

where the operators are here given in the position basis of H; i.e. in the basis of

space )

eigenvectors of 7 defined through

FIf) = 717 (1.3
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The fact that Eq. (1.2) provides the operators in this particular basis of interest is
more correctly formalized as

|7y =o6(r—7")7, (1.4a)
7y = —ihé(F—7')V . (1.4b)

The principle of associated operators does not applies to § and 7 that are purely
quantum operators expressed in terms of Pauli matrices via

ot h ja

S = Z0spin (15&)
2

~ h A

T= §Eisospin ) (15b)

where the Pauli matrices write as

. _ (0 1 . _ (0 —35 . (1 0

in the eigenbasis of &,. Fundamental operators obey the following commutation rules’

(T4, D] = ihdy; , (1.7a)
[8i,8;] = ihzéijk§k ; (1.7b)
K
[7i, 7] = ihzeijk%k , (1.7¢)
K
[Fs, 7] =0, (1.7d)
[ﬁhﬁj] =0 s (1.76)
[Fi,8;] =0, (1.7f)
(73,751 =0, (1.7g)
iy 5] =0, (1.7h)
(i, 73] =0, (1.71)
(3,71 =0, (1.7))

where, e.g., i = z,y, z. Therefore {7%, 8,7} forms a set of commuting observables and
can be simultaneously diagonalized by the eigenbasis {|7o7) = |7) ® |o) ® |7)} such as

FilfoT) = ri|foT) (1.8a)
8,|FoT) = o|foT), (1.8b)
#.|for) = 7l7oT) (18)

where r; €] — 00,400, 0 = £h/2 and 7 = £7/2 are eigenvalues of #;, §, and 7,
respectively. To be coherent with the usual convention in particle physics, we assign
protons and neutrons to be eigenvector of 7, with eigenvalue 7 = h/2 and 7 = —h/2,
respectively. As for the spin and isospin part, a shorthand notation is used as in fact
lo) =11/20) and |7) = |1/27).

3. The dynamical evolution of a state is governed by the time-dependent Schrodinger
equation?

0
iho[¥) = hld) (1.9)

I The Kronecker symbol ;5 is equal to one if both indices are the same and zero otherwise. The Levi-Civita
symbol €;;, is zero if at least two of its three indices are identical, otherwise it is equal to the signature of
the permutation that maps {4, j, k} onto {1, 2, 3}.

2From here on, hats on operators are omitted.
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where h is the Hamilton operator acting on

p JER
h=t = — 1.10
+ v o +o(7p, 8 7T), ( )

and where ¢ and v denote the kinetic and potential energy of the particle, respectively.

4. The probability interpretation of the wave function stipulates that

[(For|)* = [ (7or)[? (1.11)

corresponds to the probability to find a nucleon at position 7 with spin projection o
and isospin projection 7.

5. The postulate of reduction of the wave-packet following a measure states that, given
an observable associated with the self-adjoint operator A characterized by

Algi) = Aildi) (1.12)

and a state reading as

o) = Zci|¢i> (1.13)

K3

at the time of the measurement, the value Ay, is measured with a probability |cx|? and
the state collapses to |¢) = |@x) as a result of the measurement.

1.1.2 Bases of H;

In actual many-body calculations, the first practical step is to make a choice of basis
By = {|u)} of Hi, where the index u embodies the set of quantum numbers characterizing
single-particle basis states. Usually, there is an obvious choice to make, i.e. there exists
a one-body hermitian operator h whose orthonormal eigenbasis obtained by solving the
equation

hip) = euln) (1.14)

is best suited to tackle the problem of interest.
Examples.

1. The hamiltonian of a nucleon in a translationally invariant system reads

h= ﬁﬂ/(p}, (1.15)

T o2m
such that
) = |poT), (1.16)

with

(Fo'T'[poT) = pp(7) dgor Orr
1 i

= I;‘.? ’ ’
= (27Th)2/36h 0o’ Oprt . (1.17)

In the case where the potential is a (possibly null) constant V(p) = Vp, the states |u)
are actually eigenvectors of the present hamiltonian.
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The hamiltonian of a one-dimensional harmonic oscillator reads as

h = % + %moﬂxQ , (1.18)
such that
@) = |noT) (1.19)
with

(20’ 7' InoT) = 05 () 0por Orpr

1 mw mw

_ MW\ o ) e %25, 6. 1.2
\/W(wh) "( hm)e " Oog Orr s (1.20)

where H,, denotes the Hermite polynomials.

Many-body quantum system

1.2.1 Extension of basic postulates

Having reviewed basic postulates of quantum mechanics for one-particle systems, let us
extend the discussion to a N-particle system, where the N particles are labeled from 1 to N.

1.

The space of allowed states Hy is given by the tensor product of the one-particle
Hilbert spaces associated with each of the N particles involved

Hy(L,2,...,N)=Hi (1) @H:1(2) ® ... @ H1(N) , (1.21)

where 1 (7) denotes the Hilbert space characterizing particle i.

. The irreducible set of operators collects the irreducible sets of each of the N particles

r,P1,81,715.--3;'N, PN, SN, TN - (1~22)

The commutation rules of the operators extend naturally Eq. (1.7) at the price of
adding that operators associated with different particles commute.

The dynamical Schrodinger equation reads as

zh%hﬂ) = H|¥) (1.23)
where H denotes the N-body Hamiltonian
N 72 o o
H=T+V= ; 3 + V(71,01,81,71; - - ; PN, DN SN, TN ) (1.24)

where T and V characterize kinetic- and potential-energy operators, respectively.
The probability interpretation of the wave function becomes

|(1: 701715 N Pnvontn |92 = |U(Foym;. .. Pvonty)|? (1.25)
and corresponds to the probability to find particles i € [1, N] at position 7; with spin

projection o; and isospin projection ;.

The postulate of reduction of the wave packet after a measurement extends naturally
from the one-body case.
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1.2.2 Bases of Hy

Counsidering a basis By = {|a1)} of the one-body Hilbert space #H;(1), the direct product
basis of Hy reads as

By={ll:a;...;N:an)=|1:1)®... @|N:an)}, (1.26)
where |1 : ay;...; N : ay) is the direct product of single-particle basis state |ay) for particle
1, ..., and of single-particle basis state |ay) for particle N.

Example. In general, one can expand |¥) € Hy as a linear combination of direct-product
basis states, i.e.

@)= Y Caranllion)®... @|N:ay) (1.27)

where Cy, . o, denotes the coefficients of the linear combination. The particular case where
a single term appears in the sum

[P)=|1:1)®... ®|N:an) (1.28)

characterizes a (direct) product state that can be interpreted as the mere conjunction of N
one-body states. In general, it is however not possible to write |¥) as a product of one-body
states, i.e. |¥) is said to be entangled.

1.2.3 Operators

In Eq. (1.24), T is the sum of individual kinetic-energy operators and, as such, is said to be
a one-body operator. However, there exists operators that act on more than one particle at a
time. As such, a k-body operator (k < N) is defined as an operator that can be decomposed
as a sum of operators each acting non trivially® on k-body Hilbert sub-spaces of Hy
Hk(il, ...,ik) =H;(i1) ® Hy (’Lg) ®R...0 Hl(lk) , (1.29)

with (iq,...,3) € [1, N]*.

In Eq. (1.24) for example, the potential-energy operator V reads as a genuine N-body
operator as it can be decomposed as a sum of one term (itself) acting on Hy, i.e. it acts non
trivially on each of the #; (i) at once. Most approximations, however, consist in considering
the potential energy to be a two-body operator or a sum of two- and three-body operators,
etc. Let us now characterize operators more precisely from the formal viewpoint.

One-body operator

A one-body operator F is defined via its action on a basis of Hy with N > 1*

F ’HN%HN
[1:e;2:68;...) = F|ll:;2:0;...)
such that

F= Z £, (1.30)

where the sum runs over the N particles and where the operator f(i) acts on Hq (i), i.e.

f@) = Ha(l) = Ha(2)
li:a) = f@@)]i:a).
3Rigorously speaking, any operator defined on H acts on all particles at once. However, if the operator

is proportional to the identity operator 11(z) on H1 (%), it is said to be acting trivially on particle 4.
4The action of a one-body operator on the particle vacuum provides the null vector, i.e. that F|0) = 0.
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Two-body operator

A two-body operator G is defined via its action on a basis of Hy with N > 2°

G Hn — Hn
1:052:6;...) = Gll:a;2:06;...)

such that
1N
where the sums run over the N particles and where the operator g(i,j) acts non-trivially on
Ho(i, ) at once, i.e.
g(laj) : HQ(Zaj) — H?(Zv.])
lizasj:B) = g(i,j)li:asj:p).
k-body operator
A k-body operator K is defined via its action on a basis of Hy with N > k°

K Hyn — Hn
l1:052:5;...) =5 K|1:52:0;...)

such that
1 N
K= > k(g (1.32)
i =1

with (i,7,...1) € [1, N]* such that the operator k(i, j, .. .l) acts non-trivially on Hy (i, j,...1)
at once, i.e.

k(i j,...1) : iy, 1) = Hili g 1)
li:asj:08;...50:0) = k(iyj,...D]i:a55:6;...51:6).

1.2.4 Operator representations

Practically speaking, a k-body operator is defined in a chosen representation, i.e. through
the given of the set of its matrix elements in a given basis By of Hj.

One-body operator

A one-body operator f(1) acting on H;(1) is typically defined by the given of its complete
set of its matrix elements in basis, e.g., B1(1) = {|1: Fo7)}

[f(1),B1(1)] = (1:7or|f(1)|1:7"0'7").
With this definition at hand, one may be interested in representing the operator in a different

basis By/(1) = {|1: p)}, i.e. in computing the set of matrix elements (1: a|f(1)|1: 5).
Typical basis of interest are the momentum basis or the harmonic oscillator basis introduced

5The action of a two-body operator on states of Hg or H1 provides the null vector.
6The action of a k-body operator on states of H with N < k provides the null vector.
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in Sec. 1.1.2. To do so, one inserts twice the completeness relation on H;(1) associated with
basis By (1) = {|1: Fo7)}

1, = /dF Z |1:7or)(1:For|, (1.33)
oT
to obtain the wanted matrix elements in terms of the originally given ones

(1:alf(1) //drldrl/zz 1:alfior) (1: For|f(D|Fre’r) (1: Fuo'7'[1: B)

oT o1’

= //dﬂdﬂ/ Z Z(pj;(ﬁm—) [P0, v’ ) os(Fro'r) (1.34)

ot o't

where the notation f(7,c,7;7'c'7") = (1 : For|f(1)|1 : has been introduced.

Quite often, the operator acts non-trivially only on spatial coordinates, i.e. the operator
is spin- and isospin-independent. In this situation, the operator acting on #H; writes formally
as

—‘/I/>

F) = fapace(1) @ 110, (1) © Taypn (1), (1.35)

such that its matrix elements in basis B1(1) = {

1: 7or)} reduce to

<1 : 7710'T|f(1)|7:’1/0'/7'/> = <1 : _’1|fspace(1)|1 : F1’> <1 : U‘l : UI> <1 : 7-|1 : Tl>
= f(_’l; _‘1’) 500’ 67'7" . (136)

Consequently, the matrix elements in basis B1/(1) = {|1: u)} are obtained as
(L:alf(1) //drldrl/ nga rio7) f(F1;71) eg(FroT) . (1.37)

Further considering that the operator is local in space

f(rsv) = f(7) 6(7 —7) (1.38)
the computation of the matrix elements in basis By, = {|u)} reduces to the standard
expression involving a single (triple) integral

(1:alf(1) /drl Z(pa (Fr07) f(71) @p(TroT) . (1.39)

Example. An example of spin- and isospin-independent local one-body operator is given
by the kinetic energy of a fermion of mass m, whose expression in terms of the momentum
operator is

P2 (1)

2m

Given the representation of the operator p in the position basis given by Eq. (1.4b), the one
of t(1) is obtained by inserting a completeness relation in basis By = {|Ffor)} such that

t(1) =

® llspin(l) ® ]llisospin(]') . (140)

(1 orlt(ILs 7o'y = o [d 3 (L Forlp)|L s Fiovm) (L Froun AL 70'r)

o171

T 9 /drl Z o(r do, 67'7'167_“5(7?1 - F/) o107 67’17”6?’

0171

h2
)
2m

(F = 7) 6o 6rpr A (1.41)
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which specifies Eqgs. (1.38) and (1.38) for the operator of interest. With this representation
at hand, the matrix elements of the kinetic energy operator in an arbitrary basis By = {|u)}
read, according to Eq. (1.39), as

Rh? . .o .
(L:alt(D)1:8) = -~ /dr > i (ior) Apg(ioT)
h? > -
= +% /dr ; Vi (For) - Vg (for) , (1.42)
where the last line was obtained via an integration by parts.

Two-body operator

A two-body operator g(1,2) acting on Ha(1,2) is typically defined by the given of its complete
set of its matrix elements in the direct-product basis Ba(1,2) = {|1 : #F10171;2 : ThoaTa)}

[9(172)782(1,2)] — <1 : 7710'17'1; 2: 7_"20'2T2|g(1,2)|1 : ’1?1/0'1/7'1/;2 : 7?2/(72/7'2/>.

With this definition at hand, and following the same steps as for one-body operators, matrix
elements of ¢(1,2) in basis By/(1,2) = {|1: u,2 : v)} read as

<1 : 05;2 : B|g(1,2)|1 : ’y;2 : (5) = ////d’l?ld’l?gdflldfgl Z Z (pZ(FlUlTl)gDE(FQO'QTQ)

0102 T1T2
011051 Ty1Tor

X (71, 01, T1, Ta, 02, To; F1r, 01, T1r, Tar, O9r, Tar)
Xy (TrovTy) @s(F o2 7)), (1.43)

where the notation

g(71, 01,71, T2, 02, To; 17, 017, 1, Tor, 0or, Tor ) = (10 F1017T152 £ To02T2|g(1,2) |1 : Frroy 152 1 P00 Tor)

has been introduced.
Further considering a spin- and isospin-independent local two-body operator

9(17 2) = gspace(L 2) ® ]125pin(1’ 2) ® ]]‘Qisospin(:l? 2) ) (144)
whose matrix elements in basis Ba(1,2) = {|1 : #10171;2 : ThoaT)} take the simpler form

(1: 71017152 : Faoama|g(1,2)|1 : Frro1T1/; 2t TaroaTar) = g(71, 72) (1.45)
X 5(F1 - Fl’) 60'101/ 67'17'1/

X 6(r2 - 7"2’) 50’20'2/ 67’27'2/ 9

the expression of the matrix elements reduces to

(1:a;2:89(1,2)|1:7;2:6) = //df'ldfg Z Z@Z(ﬂalﬁ)@z(ﬁagm)

0102 T1T2
x g(71,72)
X oy (Fro171) @s(T20272) . (1.46)

Example. An example of local, spin-independent, isospin-dependent two-body operator is
given by the Coulomb interaction V,(1,2) between two nucleons (of charge 0 for neutrons
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and e for protrons). The matrix elements of V,(1,2) in position basis reads

‘/C(Fl,gl,Tl,FQ,UQ,TQ) = <]. . F10'1T1;2 . F20—27—2|‘/c(1;2)|1 . ?71101/71/;2 . 772/02/7'2/>
_ i(ﬁ + %)(TQ + %)
R —

X 6(T2 - T2/) 50’20'2/ 6‘1’27’2/ .

5(F1 - 7?1/) 60'101/ 67'17'1/ (147)

In the abritary basis Ba/(1,2) = {|1: i, 2 : v)}, the matrix elements are then easily obtained
by inserting Eq. (1.47) into Eq. (1.43)

(Laﬂ:ﬂ%@%ﬁwﬂ:&:/}ﬁﬂ@§:§:¢mﬁmﬁwy@@ﬁ)
0102 T17T2
(1.48)
iw (Fo17m1) s (FaoaTs)
72 7 — 7| Py\T10171) Ps(120272) -

k-body operator

The above considerations are easily extended to the representation of a k-body operator on
a basis By, of Hy.

1.2.5 Identical particles

In the case of N identical particles”, not all states of Hy are in fact physically allowed
states. This feature leads to the necessity to add two postulates that apply differently to
particles carrying an integer spin (v, Z°, H, etc), and those carrying an a half-integer spin
(protons, neutrons, quarks, etc). Particles belonging to the first category are denoted as
Bosons whereas those belonging to the second category are denoted as Fermions.

In order to formulate the additional postulates, it is necessary to introduce the notion
of permutations of IV elements as well as to define symmetrization and antisymmetrization
operators.

Symmetric group

The permutations of N elements form the symmetric group whose basic properties are now
listed.

1. The group contains N! elements p called permutations of (1,2,...,N). The set of
permutations is denoted as P.

2. Any permutation p € P can be decomposed as a product of elementary transpositions
t;; defined through

tij(i) =3 ; ty(G) =i ; tyk)=k if k#ij. (1.49)
For example, the permutation® p: (1,2,3) — (3,1,2) can be written as p = ta3t;3.

3. One associates a number 7, = %1 to each permutation p € P, called the signature of
the permutation, such that

Tpp' = TpTp’
mq = +1,

ﬂ-tij =-1.

"By identical particles, we mean here particles carrying the same intrinsic quantum numbers, e.g. mass,
charge, spin, isospin.
8This permutation is a cycle.
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Given the set of permutation P, N! operators P, are defined on Hy through their action on
the basis states

Pyll:ay;...;N:an) =[1:apay; -5 N o) (1.50a)

=|p(1):ag;...5p(N) :an), (1.50b)

where the permutation can equally act on particle or single-particle labels. The first case of

particular interest concerns the identity whose associated operator reads as Plg = 1. The

second case of particular interest relates to operators associated with transpositions whose
traditional short-hand notation is given by P;; = P, and whose action reads as

Pjilliar;...5ita;;..50 055 0 =|1rar;...50ta5;...50 taq5...) . (1.51)

Permutation operators are unitary, verify P,P, = P, but are a priori not hermitian. As
for the particular case of transpositions, one has

Pl=1, (1.52a)
Pl =r;. (1.52b)

Symmetrization and antisymmetrization operators

One introduces symmetrization and antisymmetrization operators acting on H and respec-
tively defined through

S= % > P, (1.53a)
peP
A= % > TPy, (1.53b)
peEP
whose main properties are’
1. St =S and AT = A4,
2. P,S=Sand P,A=m,A,
3. 82 =8 and A% = A,
4. SA=AS=0.
Examples. For N = 2, one finds that
S = %(12 + P), (1.54a)
A= %(12 _ Pu), (1.54D)

whereas for N = 3 the expressions of S and A in terms of transposition operators are

1

N (13 + Pi2 + P13 + Paz + Pia P13 + PiaPa3), (1.55a)
A (13 — P12 — P13 — Po3 + P1a P13 + PiaPa3) . (1.55b)

D=

9 Although S and A are orthogonal projectors, it must not be concluded that their associated subspaces
(onto which they project) are necessarily in direct sum. Indeed, except for N = 2, one does not have

S+A=1y.
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Additional postulates

6. The N-body Hilbert space H must be reduced to the subspace of physically accessible
states HE or HE, i.e. the subspace of totally symmetric or totally antisymmetric
states under the exchange of any two particles, respectively. In the following, we
limit ourselves to considering fermions. A basis BL of #%; is made of normalized and
fully antisymmetric product states (i.e. Slater determinants) of Hx obtained from
direct-product states through the action of the antisymmetrizer

lai...an) = VNIAL:a1;...;N :ay) (1.56a)
= \/% Z mp [p(1) tar;...;p(N) :an) (1.56b)
' peP
1:01) ... |N:ajq)
R : : (1.56¢)

|1:aN> |N:aN>

where the last line testifies that the antisymmetrized many-body state can be written
under the form of a determinant, hence the denomination as a Slater determinant. The
Slater determinant |®) = |ay ... ay) is antisymmetric under the exchange of any pair
of particles (or equivalently of any pair of single-particle states)

Py|®) = %) . (1.57)

which is obvious given that the determinant is antisymmetric under the exchange of
two columns or of two rows (corresponding respectively to an exchange of two particles
or two single-particle states). As a result of the antisymmetrization, and by opposition
to direct-product states (Eq. (1.26)), it is not possible anymore to state that particle
1 is occupying single-particle state |«y), that particle 2 is occupying single-particle
state |ag) etc in state |®). Therefore, there exist intrinsic correlations between the
N particles, even though they are minimal for a Slater determinant as they are the
fingerprint of the sole Pauli exclusion principle.

The many-body wave function also takes the form of a determinant of the N occupied
single-particle wave functions

(1:701715...; N :PnonTN|a1 ... an) = P, oy (T1O1T1; - - s TNONTN) (1.58)

1
- VN!

Vo, (Fro171) ... Yo, (FNONTN)

Van (T10171) oo Yoy (FNONTN)

which can be compared to the one associated with the direct-product state in the
absence of antisymmetrization that was given by

N
(1:7017;5...; N :PnyonT|liaq;.. 5N tay) = Hwai(ﬁ»ain) . (1.59)
i=1

Example. For N = 2, the wave function associated with a Slater determinant is
Doy, (101715 Tao2Te) = (1 : F1o171;2 1 TaoaTe|ay )
= (1:7101711;2 : Tooam2|V2IA|Ll : a1 ;2 1 ag)

1| Yo, (Fro171) oy (FaoaT2) ’

_\/§ ¢a2(F10171) 1/1a2(772027'2)
= % [7/@1(771017'1)1#(12 (772027'2)

— Yoy (F1O171) 0, (P20272)] (1.60)
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which should be compared to
<]. N F101T1; 2 : 7?20'2T2|1 . a1;2 . Ck2> = d)al (F101T1)¢QQ(F202T2) . (161)

The antisymmetric two-body wave function computed in Eq. (1.60) is indeed normalized

(aglanag) = Z Z Ay d7s| P oy 0, (FLO1T1; T202T2) |2

0102 T1T2
1 e = — —
=3 lZ/dﬁ%l(ﬁom)Q Z/dr2|¢a2(r20272)|2
1T 02T2
2 / drifipas (Froim)* 3 / dF2|¢a1(F20272)|2]
1T o272
=1

)

where the orthonormalization of one-body wave functions was used after having inserted
the completeness on Ha

]].2: E E //dfldfg|1 :F10171;2:F20272><1 2F10’17'1;2:’F20’27’2|
0102 T1T2
in the original overlap.

7. Considering identical particles also reduces the space of allowed operators that must
be symmetric under the exchange of any pair of particles, i.e.

Y(i,5) € [1,N]* V(,....i,....5,...,N)=V(,...,5,...,4,...,N). (1.62)

Examples. The potential of two identical particles has to satisfy
V(1,2)=V(2,1). (1.63)
Similarly a three-body operator should satisfy
V=V(1,2,3)=V(,3,2)=V(2,1,3) =V(2,3,1) =V(3,2,1) =V (3,1,2) . (1.64)
Therefore any three-body operator V' can be written as

1
= E(V(l, 2,3)+V(2,1,3)+V(1,3,2) +V(3,1,2) + V(3,2,1) + V(2, 3, 1))

1(v@z@+v@La+v@&m+V@Lm+V@zn+v@&U>

3 2 2 2
1
= g(VE:s +Vig + Vo) (1.65)

where 123 means that the potential is symmetric under any exchange of particles 1, 2 and 3,
whereas 123 means that it is symmetrized under the exchange of 1 and 2 only. Two of the
three terms can be rewritten in terms of the third one and of permutation operators for two
particles such that

1
V= g(Vﬁg + Pa3 P13 Vg3 P1aPoz + Pi3PioVig, Pia Pi3) . (1.66)

Equation (1.66) demonstrates that a three-body operator is fully specified through the sole
given of Vi5s.
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1.3 One-nucleon states

1.3.1 Eigenbasis of position
Let us recall direct-product states |[For) = |7) ® |o) ® |7) defined such that!’

7lfoT) = 7|foT) | (1.67)
1/1

§?|For) = 3 (5 + 1) |FoT) ,  s.|foT) =0ol|FfoT) , (1.68)
1/1

72 |For) = B (5 + 1) |For) , T|foq) =T|Foq) , (1.69)

constitute a complete continuous orthonormal basis of H1 = H1 7 ® H1 3@ Hq 7 with 7€ R3
and 0,7 € {+1/2,—1/2}'.
The orthogonality and completeness relations can be written as

(For|F' o'ty = 8(F — 7') Sor 6rmr / a7 3O |Forior| = 1, (1.70)
where 1; is the unity operator on H;.

1.3.2 Eigenbasis of linear momentum

Direct-product states |poT) = [p) ® |0) ® |7) made out of eigenstates of the momentum

operator p = —ihV, s, and 7, also constitute a basis of ;. The relationship between such
states and the previous basis is given by

— = I\ 6%77. , ,
(For|po’'r") = P O’ Orrr . (1.71)

1.3.3 Eigenbasis of orbital angular momentum

The orbital angular-momentum operator is defined as I=7x p. It is hermitian since 7 and p’
are hermitian. The orbital angular-momentum components follow the commutation relations

[li, lj] = ihzgijk lk 5 (172)
k

which derive from those fulfilled by 7 and p. One can easily show that I? commute with each
components [; of [. One can thus introduce the eigenstates |lm;) of [? and [, such that

P|imy) = R21(1+ 1) |Imy), L|imy) = hmy [lmy) (1.73)

where | € N and m; € Z such that |my;| < [. In spherical coordinates, |F) = |rfy) with
r=|7],0<60<m0< ¢ <2m, it is possible to check that [ acts only on angular coordinates
(0, ). The spherical harmonics

V™0, ¢) = (Opllmu) (1.74)

are the wave functions associated with |lm;) in this space and one has

™ 2m
[lmy) :/ dGSinG/ de|0p) Y, (0, 9) .
0 0

10For some of the operators, e.g. 7, we denote the operator and the associated quantum numbers in the
same way. This should not be too confusing.

1 Throughout the lecture series, the quantum number 7 is sometimes referred to as a letter, i.e. n for
neutrons and p for protons, or as a number, i.e. +1/2 for protons and —1/2 for neutrons.
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1.3.4 Eigenbasis of total angular momentum

The total angular momentum operator of a nucleon is jz [+ 35 The components of ; obey
to the same commutation relationships than ! and §. One can define eigenstates |(11/2)jm)
common to 12, 52, fz and j,, because these four operators commute with each other, and
write

12|(11/2)jm) = R21(1 + 1) |(11/2)jm) | (1.75)
§2|(11/2)jm) = 2R |(11/2)jm) | (1.76)
72 11/2)jm) = B*j(j + 1) |(11/2)m), J=A(11/2)jm) = hm|[(11/2)jm) , (1.77)

where 25 € N* and 2m € Z such that |m| < j. Such eigenstates can be expressed by a linear
combination of the direct-product states |lm;1/20) = |lmy) ® |1/20)

(11/2)5m) = > [lmy1/20) (11 /2myo|jm) (1.78)

where (I11/2m;o|jm) are the so-called Clebsch-Gordan coefficients. Equation (1.78) is impor-
tant because it shows how to add angular momentum operators ['and §. The operator f acts
on both spatial and spin coordinates such that the wave function associated with |(11/2)jm)
is a spin-angular spherical harmonics that reads in spherical and spin coordinates as

(000" |(11/2)jm) = Va1 2)m (0, 0,0") = > (11/2mualjm) Y™ (0,9) x5 j2(0) ,  (1.79)

mpo

where X‘f/2(o’) = (1/20"|1/20) = §,+, is the wave function of the state of spin o. The most
general wave function of a nucleon of isospin 7 can be expanded using the complete set of
spin-angular spherical harmonics according to

¢T'(T, 97 w, o, T) = Z flj’m‘f" (’I") y(ll/Q)jm(ea @, U) X‘]I:,/Q(T) ) (180)

ljm

where XI}Q(T) = (1/27|1/27) = 6, is the wave function of the state of isospin 7’.

1.4 Two-nucleon states

1.4.1 Eigenbases of position and linear momentum

The two-nucleon Hilbert space Hsa is the tensor product Ha = H1(1) ® H1(2) of two one-
nucleon Hilbert spaces. Starting from the direct-product bases of H; introduced in Secs. 1.3.1
and 1.3.2, one obtains direct-product bases of Hs

|1:70171;2: ThoaTe) = |1 :T10171) @ |2 : Ta02T2) (1.81)
and similarly for |1 : pio171 ;2 : PacaTs).

Completeness relation

The completeness relation on the two-body Hilbert space Ho

]].2 = //dfldfg Z Z |1 : 7?10'17'1;2 : 7?20'27'2><1 : F101T1;2 : FQUQTQ . (182)

0102 T1T2

where 15 is the unity operator on Hos.
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Antisymmetrized basis

If one aims at working with fermions, the Hilbert space of physically accessible states one
is really dealing with is the subspace of Hy of antisymmetric states under the exchange of
particles 1 and 2. Bases of such a subspace are obtained by applying the antisymmetrization
operator Ajo = I— Pjo, where P is the two-body exchange operator, onto the direct-product
states

|7710'17'1 ;F20272> = \/§A12|1 : 7710'17'1 N 2: ?720'27'2)

= % [|1 DT101T1 32 TaoaTe) — |11 Faoame ;2 F1017'1>} , (1.83)
and similarly for |p}o171 ; Pacame). A crucial point is that the states defined through Eq. 1.83
are globally antisymmetric under the exchange of space, spin and isospin coordinates but do
not have specific properties under the exchange of only spatial, spin or isospin coordinates.
It is sometimes preferred to build antisymmetric two-body states out of the tensor product
of two-body spatial, spin and isospin states that each has specific properties, i.e. symmetric
or antisymmetric, under the exchange of the two particles. Such a building of antisymmetric
two-body states is different from what has been done above and is discussed in the remaining
of the present notes.

Centre of mass decoupling

Assuming that both nucleons have the same mass, one introduces relative and center of mass
coordinates through

—

— P2
2 b)

S

71+ 72
2 )

— —

1— T2 ﬁfﬁl+ﬁ2 , D=

(1.84)

R= a
such that, in the center-of-mass frame, the spatial part of the direct-product state can be
written as |1 : 7 ;2 : 72) = |R7). Considering that the nuclear interaction only depends on
the relative position vector 7 and rewriting the kinetic energy operator as
=2 =2 P2 52 P2 g2
=P P> _ p- _ L P

T 2m 2m  4m  m  4m  2u ] (1.85)
where y = m/2 denotes the reduced mass of the two-body system, one recovers the standard
result that the center of mass motion decouples and that the relative motion of the two-
nucleon system reduces to the motion of a fictitious one-body system of mass p. Being only
interested in the relative motion of the nucleons, we can thus omit the motion associated
with the coordinate R as is assumed in the following.

1.4.2 Eigenbasis of orbital angular momentum

’Ehe total orbifal angular-momentum of the two-body system_’is deﬁried as [_:30,5 = l_i + l_; with
Iy =71 X P, lo = T X pa. Using Eq. (1.84), one finds that Lo = Leom + L where

Leom = R x P, L

X . (1.86)

Ecom is the center-of-mass orbital angular-momentum whereas L is the relative orbital
angular-momentum of the two nucleons. In the center-of-mass frame, I_:com is null such that
the orbital angular-momentum reduces to L. The operator L possesses all properties of an
angular momentum, e.g. standard commutation relations, and leads to the introduction
of the basis |[LMp) that happens to be convenient to describe the relative motion one is
interested in. The corresponding wave functions are

YME(0,0) = (00| LML) | (1.87)
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where angles 6 and ¢ provide the orientation of the relative position vector #. When the two
nucleons are exchanged, 77 = 7] — 7 is changed into —7, which is equivalent to changing 0
and ¢ into 7 — 0 and ¢ + 7. As Y4 (1 — 0,0 4+ 1) = (=1)F Y2 (8, ), the exchange of the
two particles introduces a phase equal to (—1). Consequently, one sees that a state |LM)
with L even is symmetric under the exchange of the two particles whereas a state with an
odd L is antisymmetric under such an exchange. Such a property makes the basis |LMp,) of
‘Ho 7 very suited to the construction of fully antisymmetrized states down the road.

1.4.3 Eigenbasis of spin

The two-nucleon spin operator is S =3 +5. Eigenstates |SMg) of S2 and S, are expressed
in terms of the direct-product states |1: 01 ; 2: 09) as

2y -1 20

0 0) = = , (1.88)

1 1)=1]1:12:1), (1.89)
2y + 1) 20

1 0)= 7 , (1.90)

1 1) =1:) 2:0) , (1.91)

whose eigenvalues 72 S(S +1) and Mg of 52 and of S, respectively, take the values S = 0 or
1l and |[Mg| < S. As is customary, "spin-up" and "spin down" arrows have been used to denote
o =+41/2 and 0 = —1/2, respectively. The S = 0, or spin-singlet, state is antisymmetric
under the exchange of particles 1 and 2 while S = 1, or spin-triplet, states are symmetric.
One can define the spin-exchange operator P, through

= _1—|—§1-§2

P,=5"-1 5 , (1.92)

such that P,|1 : 01; 2 : 09) = |1 : 02; 2 : 01) and P,|SMg) = (—1)'7%|SMg), i.e.
P,|00) = —|00) and P,|1Mg) = +|1Mg).

1.4.4 Eigenbasis of isospin

The two-nucleon isospin operator is T=747%. Noting A2 T(T + 1) and M7 the eigenvalues
of T'? and of T, respectively, one has T = 0 or 1 and |Mr| < T. Eigenstates |T M) of T?
and T, are expressed in terms of the direct-product states [1: 71 ; 2: 7o) as
[1:n2:p)—|1:p2:n)
0 0) = 7 , (
2
1 1)=1]1:n2:n), (
CTin2:p)+|1:p2:n) (
(

1.93)
1.94)

11 0)= , 1.95)

V2
1) =[1:p2:p)

1.96)

where n and p have been used to denote 7 equal to +1/2 and —1/2, respectively. The T' = 0,
or isospin-singlet, state is antisymmetric under the exchange of particles 1 and 2, while the
T =1, or isospin-triplet, states are symmetric. One can define the isospin-exchange operator
P, through
. 147 -7
P =T%2-1= Itn-n ,
2

such that Pl : 152 :7m) = |1 :7; 2: 7)) and P |TM7) = (-)T|T Mz), ie.
P,|00) = —|00) and Pr|1Mr) = +|1M7).

(1.97)
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1.4.5 Eigenbasis of total angular momentum

In the center-of-mass frame, one can couple the relative orbital angular-momentum L and
the total spin S to form the total angular-momentum J=L+§5. Doing so, one introduces
the basis of Ho 7 ® Ho 5

(LS)JM) = > (LS My Ms|JM)|LML)|SMg) , (1.98)
MpMs

whose wave function is a spin-angular spherical harmonics Y1, gy (0, ¢, o) and which are
eigenstates of J? and J. with eigenvalues h2J(J + 1) and AM, respectively. Thanks to
the angular momentum coupling rules, one has |L — S| < J < L+ S and M = My, + Ms.
Ordering the two-nucleon states according to J, one has |[J — S| < L < J+ S, such that

for J>0 L=J—8J J+5 JI5=0: L=J :
) o ifS=1: L=J-LJJ+1.

Consequently, J=0 gives rise to a spin-singlet state S=L=0 and to a spin-triplet state
S=L=1, whereas for J>0 there exists a spin-singlet state S=0, L=J and three spin-triplet
states S=1, L=J-1, J, J+1.

Spectroscopic notation

To characterise such a spatial-spin content of the two-body state, one usually uses the spectro-
scopic notation *S*D[L]; where [L] denotes one of the letters S, P, D, F, ...corresponding
toL=0,L=1, L =2 L =23, ...partial waves, respectively. The two-nucleon states
obtained for the first few J values are thus denoted as

J=0: 1507 3P0

J=1: 1P1, 3S1,3P1,3D1
J=2: 1D2, 3P2,3D2,3F2
J=3: ng, 3D3,3F373G3 .

(1.100)

1.4.6 Spin-isospin channels

Finally, one obtains a complete basis of Ho through the tensor product of the basis |(LS)JM)
of Ho 7@ Ha 5 and of the basis |[TMy) of Ha 7. As already stated, two-fermion states must be
antisymmetric under the exchange of the two fermions. Summarizing the above discussion,
we see that such an exchange brings a phase (—1)°~! for the spin part, (—1)7~! for the
isospin part and (—1)% for the spatial part. To fulfill the overall antisymmetry, one must
thus have (—1)E+5-14T-1 = 1 je. L+ S+ T must be odd. In the listing of Eq. (1.100),
the two J = 0 states have an even value of L 4 S, and thus have to be isospin-triplet (7' = 1)
states. For J = 1 states, the first, second and fourth states have L + S odd, and thus can
only be isospin-singlet (7" = 0) states. The third state has L + S even, and thus must be an
isospin-triplet T' = 1 state. And so on and so forth.

It is customary to start classifying complete two-nucleon states according to S and T’
quantum numbers. This gives birth to the four so-called spin-isospin channels

(§=0,T=0) , (§=0T=1) , (S=1.T=0) , (S=1,T=1), (1.101)

which are spin-singlet /isospin-singlet, spin-singlet/isospin-triplet, spin-triplet/isospin-singlet
and spin-triplet/isospin-triplet channels, respectively. Channels (S = 0,7 = 0) and (S =
1,7 = 1) must correspond to an odd L and are denoted as singlet-odd and triplet-odd
channels, respectively. Similarly, channels (S = 0,7 = 1) and (S = 1,7 = 0) must
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correspond to an even L and are denoted as singlet-even and triplet-even, taking the spin as
a reference. Using such a convention, two-nucleon states (Eq. (1.100)) are distributed within
the four channels according to

[ S T| channel [neutron/protonstates[[J=0] J=1 | J=2 [ J=3 | J=4
0 1 |singlet even | nn, pp, (np+pn)/v/2 1Sy D, Gy
1 0 | triplet even (np-pn)/v/2 38, %Dy 3D, 3Ds , %G3 Gy
0 0 | singlet odd (np-pn)/v/2 p ry
1 1| triplet odd | nn, pp, (np+pn)/v2 || 3Py 3Py 3Py %Ry 3Fy 3Fy , °H,

Parts of the array are empty, e.g. neither the singlet-even state with an odd J nor the
singlet-odd state with an even J are allowed.

The (S,T) channel classification is useful because the nuclear interaction does not only
commute with S2 but also commutes, to a good approximation, with T2. The latter represents
the charge independence of the nuclear force. Consequently, the nuclear interaction cannot
mix two-nucleon states that belong to different channels. However, the nuclear interaction
can be different in each channel such that there are four decoupled parts of the nuclear
interaction v5y ; one for each channel. Experimental nucleon-nucleon scattering experiments
have confirmed such a feature.

It is often said that the charge independence of nuclear forces implies that the nuclear
interaction between two neutrons is the same as between two protons or between a neutron
and a proton. Such a statement is wrong. In fact, the interaction between two neutrons is
the same than the interaction between two protons or between one neutron and one proton
only if they occupy the same orbital and spin states, that is to say if they are in the same
channel. It is what is shown in the array. The identity between the proton-proton and
neutron-neutron forces in the 7" = 1 channel denotes the charge symmetry of the nuclear
force. However, the singlet-even channel interaction is not equal to the triplet-odd channel
interaction.

The interaction in even channels is attractive, while it is repulsive in odd channels .

Moreover, the interaction in the triplet even channel is more attractive than in the singlet
even channel. It is the proton-neutron interaction in the triplet even channel that binds the
deuteron, whereas there is no bound di-neutron or di-protons. In heavier nuclei, even channels
play an important role, e.g. the proton-neutron triplet even interaction plays an essential
role in binding nuclei while proton-proton and neutron-neutron singlet-even interactions are
responsible of pairing correlations and superfluid properties of nuclei.

Finally, let us note that, in the center-of-mass frame, the general form of the two-nucleon
wave-function is similar to the one-body wave function Eq. (1.80) with mass p = m/2

Br0, 0, Ms, Mr) = S S fi M (Vs (0.0, M) 2T (Mpr) . (1.102)
LSJM T M+

where XZMT(MT/) = (I'Mp/|TMr) = dpr,, v, Thanks to nuclear interaction symmetries,
the wave function has to be a eigenstate of J_Q, g, §2, fQ, T, and of the parity II. In this
case, Eq. (1.102) becomes

¢§¥A5[T(T797<P»MS,MT) = Z fl{ST(T)y(LS)JM(QVSoaMS)XTMT(MT) . (1103)
L: (—)L=I
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