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Generalities on fields: static model

1 Space-charge force
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Field produced by charge and current densities w%

Maxwell equations

v.E= "
€0
0B
E=-2"
V x 51
V-B=0
1 OE
B = e
VX Ho I+ a5

These charge p and current j densities are:
m those of the beam (direct space-charge),

m those induced in surrounding material (indirect space-charge).

474



Two solutions

m Simplified model: static

® Numerical resolution
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Static model: application case %

Continuous beam

One assumes that charge and current distributions at a given position are stationary. Fields are
then invariant with time and electric and magnetic fields are independent.

pr, 1), j(r, t) — p(r), j(r)

Bunched beam frame
In the beam frame, the particle relative displacements are generally non-relativistic and field is
mainly electrostatic.

Bkl Lorentz
e

E*(r, 1), B*(r, t) 2<% B*(r),0 E(r, t), B(r, {)

transform

Except in specific cases, the magnetic field is not directly computed but the magnetic force is

deduced from the electric force.
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Electrostatic field

Charge distribution
A still charge density p [C m~—3] produces an electrostatic field:

v.E="
E [Vm~!] solution of equations : €0
VxE=0

The solution of two coupled equations is not obvious as once we found a solution of the first, it
has to satisfy the second one.

It is then easier to solve a unique equation by remarking that V x (Vf) = 0, whatever f.

Defining: E = —V¢ With ¢ [V] the scalar electrostatic potential.

The system becomes:
V- (Vo) =np=-L

€0
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Magnetostatic field
Current distribution
A current flux j [Am~2] produces a magnetic field:
VxB=p-j
V-B=0
The solution of two coupled equations is not obvious as once we found a solution of the first, it
has to satisfy the second one.

B [T] solution of equations :

It is then easier to solve a unique equation by remarking that V- (V x f) = 0, whatever f.
Defining: B =V x A With A [T m] the magnetic vector potential.

The system becomes:
V x (VxA) = poj
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Space-charge force
Continuous beam

1.
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Cylindrical continuous beam W !!

p(X,y,2) = p(r)
ix,y,2) = j(re;
=T
Gauss theorem: (JE-dS = fffeiﬁdT
1 r
Eilr) = € - r/O r'p(r') - dr’

Ampere theorem:§ B x dl = y [[[ jdS
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Cylindrical continuous beams

Some examples
Charge per linear meter:

Ao Ao 1
ry=——-46(r — E/(r)= - =
d ) 2rr (r) r(n) 2meg  F
Uniform beam: electric field linear with r in beam
A : A r ;

— ifr<RAh, 52— - ifr<R

p(r) = 4 T " & Em={T" 7 v

0 otherwise Srec T otherwise

Gaussian beam:

A r? A1 r2
ry= —=- - — E.(r) = P I R
p(r) 210 P ( 20,2) r(r) 2meg T < P ( 20?))

m )\ [Cm~!] is the charge per linear meter: \ =

m [ [A] is the beam current
m 3 is the beam particle average velocity
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Cylindrical continuous beam

electric — magnetic forces ~
Assuming that all particles have the same velocity: v = 3,C - u;

i) =) e ue — By =" G [ gty o =B

The force on each particle with charge g and longitudinal reduced velocity [, is:

Fr=q(E,—Vv;-By+Vy-B;) =q(E — ;¢ By)
Fr:q'Er(r)'(l_Bz'Bz)

Paraxial approximation: 3% = 3} + 37 + 37 ~ 32

F,:q-E,(r)-(l—BQ):q'fQ’(r)

F, scales with 1/~2: Laplace force mitigates Coulomb repulsion.
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Elliptical uniform continuous beam

A
p(X,y,2) = {m 5+ <1

0 otherwise
X y2/Y2 X — x'
E (X y) 4 2 X Y/ / 3/2
e i ((x—x/>2+<y—y'>2)

1— x2/X2

y-y
> 5 3/2
T—x /X ((X _ X’)2 + (y_y/)2>

Y
E/xy) = 472 . eOXY/ o' /y

1 X
EX(X,y):T('GO.X+Y.? (In beam)
_ . 1 oy Electric field linear with position
B = o xsvy
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Space-charge force
Numerical methods

1.
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Numerical methods

The space-charge field produced by a set of N particles can be calculated with different
space-charge routines:

m PPI (Particle-Particle Interactions) methods

m PIC (Particles in cells) methods

m direct,
m FFT,
®m relaxation.

®m Functional methods
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PPI1 (Particle-Particle Iteraction) Method

At each time step, the field contribution of all particles is calculated at the position of each

particle:

Advantages
® No mesh
® Easy to compute

Drawbacks
® Long (x N?),
m Artificially colliding —> I
31 October 2023 16 / 74
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PIC (Particles in Cells) method W !!

m Particles are counted in a mesh with n lattices

® |n the direct method, the influence of the density in each lattice is calculated on each mesh
node.

Advantages

® Low noise (charge smoothing on the mesh)
Drawbacks

® Long (o n?),

® No image charge.
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PIC FFT method

1 X,y,Z
¢(X0,YO,ZO)=47T6 jff > Xy )2 2dx-dy-dz
O spaie 1/ (x = %0)* + (¥ — o) + (2~ 20)
=(pxG)(x,y,2)
With :G = ! !

dtey /X2 +y2+ 22

Then: ¢(x,y,z) = FFT~* (FFT(p) x FFT(G))
Advantages

m Fast (o< n-log(n))
Drawbacks

= Noisy.

®m No image charge.
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PIC relaxation method w !!

lllustration in 1D : gif = —M = p'(x)

On each lattice: biy1 — 2¢: + b1 = pl - 62
. /.52
lterative process k: Tl = gk W'%lp' - ¢k>
Advantages

® Could be fast (o n-log(n), for multigrid)
® [mage charge

Drawbacks
® Limit condition should be defined (or assumed).
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Functional method

p(r) =Y A Pi(r) with: A= F(p(x).P(x)
,- .

with P;j such as: Al(r) = P(r)
= )= A-Tjr)
J

Advantages

® Mathematically smart.
Drawbacks

m Very long,

= Noisy,

® No image charge
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2 Linear(ized) motion

Beam statistical representation
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Statistical representation

Beam: Set of billions (N) of particles evolving with an independent variable s (time, curved
abscissa...)
Macro-particle model: — Set of n macro-particles (n < N)

X-Xp (mem-mrad)

6 coordinates :
m 3 for position: r
(Cartesian, cylindrical...)

m 3 for motion: p
(velocity, momentum, energy, slope...)

Distribution function model: — function

Expected number of particles
f(r,p) - d°r-d°p between r and r + dr
between p and p + dp

Antoine CHANCE NPAC-2023 31 October 2023 2/74



RMS sizes

Average value of A(r,r’) over the beam:
(A(r, 1)) = 1En:A(r- r}) = lﬂ Bf (r,v') - A(r,r') dPr/
’ n — Is 4 N 3 )

®m Examples:

C.o.g position: ((u), ("))

RMS size: Urms = \/Jiu = <(U - <U>)2>

RMS slope: Ulms = /0w = <(Ul - <Ul>)2>

RMS coupling: Ul = our = (U —(u)) - (U = (U")))

RMS emittance: €urms = \/ Uzns - U2 — (U’Jﬁms)2

cea Antoine CHANCE: NPAC-2023 31 October 2023 23 /74



Twiss parameters

The ellipse matching the best the beam distribution is:

Yeu - UP 204y U-U + By U? = Ay

Such as:
Arfa(e‘\
2
51 o urms _ Ou
u = =
€u,rms €u,rms _
/2 @
Ve = Ums _ Ouw =
U= = x
€u,rms €u,rms
/
Oy = Ul s o ouu
Wu— T =
€u,rms €u,rms

Are the beam’s Twiss Parameters.

Antoine CHANCE NPAC-2023 31 October 2023
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6D model

Particle 6D phase-space coordinates can be:

141 X X
2] Px x'
v

v=|7? y or y, for example
V4 Py y
Vs z ©
Ve Pz E

Beam distribution can be modelled by a variance-covariance matrix:
[0] such as: oj = (vi-y) The sigma matrix.

One has:
[0]e = [Tews] - [0]s - [Tees}T

Tecs is the transfer matrix from s to e.
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Linear(ized) motion

- Envelope equations

2

Antoine CHANCE

26 / 74

31 October 2023

NPAC-2023

cea



Transverse motion equation

Particle dynamics:

dp , dp F(r,p;s)
o ~FEpil) - ds  fB;-c
Magnetic field, no acceleration, transverse motion :
d(X"ﬁz) _ FX(rsﬂ!S)
N as ~v-B;-m-c?
d(y' -B) _ Fyr5,9)
ds ~v-Bz-m-c?
Linac + paraxial approximation: 3 + ] < 7 ~ 82
!
o ) Firss)

ds  ~-B2-m-c?

diyli Fy(I‘,B,S) *F'(rﬂ S)

ds ~y-B2-m-c2 Y
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Antoine CHANCE

Envelope equation (1)

5‘(2 <X2
Xx' = (xx')
X%+ xx" = (xX?) + (xx")
o (X?) + (xx")  x?
X X
o (x) + (xx"y  (xx')?
X x3
o Xy (xd)?
)t
NPAC-2023 31 October 2023
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Envelope equation (2)

RMS size evolution:

By noting that:

One gets:

—\/X’2 (x2) — (x - x')?
v x-F(r.B,9)

KX - 5,(2

The horizontal rms emittance

The force linearisation coefficient

The linearised force can be applied to the envelope equation or as a transfer matrix (with sigma

matrix).

Antoine CHANCE
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Linear(ized) motion

- Space-charge linearisation

2

Antoine CHANCE
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Motion linearisation

linearisation

FX(rlpls) kX'X
Interest:

m Easy

m Fast

m Efficient

= Equivalent uniform beam

Antoine CHANCE NPAC-2023 31 October 2023 31/74



Equivalent beams

Definition of equivalent beams

Two beams are said " equivalent " when they carry the same current (continuous) or charge
(bunched) and they have the same sigma matrix.

Example of distribution of continuous equivalent beams:

2.00

1.754

Density (u.a.)
.
o
o

o

~

a
L

0.50

0.251

0.00

—— Uniform
—— Triangular
—— Parabolic
—— Gaussian

0.0

Antoine CHANCE

0.5

2.0 2.5

E/ (u.a.)

1.01 — Uniform
— Triangular
— Parabolic

0.8 —— Gaussian

0.6

0.4+ «1/r

0.2+

0.0 T T T T

0.0 0.5 1.0 15 2.0 2.5
Rrms %
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RMS emittance evolution w !!

d€)2( _ d<X/2> 2 12 d<X2> / d<X'X/>
ds = s '<X>+<X>' e g

=2(x"-x <x>+2<x’2> (x-x"y=2(x-x)- ((x*)+ (x-x"))
=2((¢ - X") - (%) = {x - x') - (x-x"))

If the force is linear:

x"'=k-x
The emittance is constant:

d€)2( ’ /
98 ek (¢ X)) — (xX) - (x) =0

Rms emittance is conserved in linear force, otherwise it can increase or decrease !
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Uniform continuous beam

2 2
p(X,y) = X
0  otherwise

We have: x=X/2 d: /
e have: V= v/ and: po = ——
Space-charge force
a2 ok
T Sram(Bo) X-(X+Y) T X-(X+Y) P T
o q-1 2 2K 2meom (yBC)
T areom(y80)® Y- (X+Y) T Y- (X+Y)
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Continuous beam envelope equations

2K €
17 2 _ _ xeff _
X0+ Keo(s) - X X+Y X3 0 These are the beam 2D envelope
2K €2 - equations
" 2 yeff
Y +ky’0(s)' Y*m* Yr} —0
Exeff = 4 - €x the effective emittance of the continuous beam.

Or, valid whatever the elliptical beam transverse distribution:

Beam RMS 2D envelope equations

_ . K2 &

7 2 . _ X
X'+ Keols) - X X+y x3 0
- . K/2 €

" 2 Y Yy _
V'+k(s)-y Fa 0
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A few words about the envelope equation

~ . K2 &
1" 2 v X
X'+ Keols) - X X+y x3
K2 &

~1 k2 _ - ~y _
Y'+kyo(s)-y A

The 2D envelope equation has 3 contributors to the dynamics:
® k7,(s) - X: the external force contributor.

L] fﬁ, the space-charge contributor.
m The effect is defocusing (negative sign).
m The effect is proportional to the generalized perveance K = Wg: it is thus decreasing
with energy.

m The effect decreases with the beam size: the slope of the electric field at the core depends on
the beam size.

m — 2% the emittance contribution. This term increases when the beam size is decreasing:
that is even the driver for very small beam sizes (even stronger than space charge).
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Bunched uniform beam

0 otherwise %w XY -Z

We have: TJ:U/\/B u=x,y,z

Space-charge force

, . q 3 Q 1—f
SCX T me2 dmey 23 X+ Y)Z
F qg 3 Q 1= f . 3-D space charge parameter
SCY T me? dmey 273 X+ Y)Z Ky— 9 . 3 . Q
f _a . 3.Q f z S

SC27 me? drey 23 XY Z

f=f )Tf, \/VTLY) is a form factor

of the ellipsoid.

\
<< X[
|
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Bunched beam envelope equations w%

Beam 3D envelope equations Beam RMS 3D envelope equations

Ks(1—1)53/2 €2, ~ . K(1-1) &
R R e R LA TR S
K. (1 — f)53/2 € ff ol 2 5 K3(1 — f) €}2’
Y” k2 LY — 3 _ e = +k S) - - — = =0
T Hy0s) xX+vz vy V& Y G E Ty
- fE3/2 (2 ~ . Kif &
Z//+kz2,0(3)'Z—K3)f(E;, _eészzo Z”+kz2_0(3)'2— ;;7 _?23:0
€xeff = D - €x the effective emittance of the Valid whatever the ellipsoidal beam

bunched beam. distribution:
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Linear(ized) motion

- Space-charge tune depression

2
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Space-charge tune depression

Replacing the periodic focusing force by a continuous force.
The particle motion without space-charge is:

a?x 2
P (UZ‘O) SX = —kf,o - X; Kxo = (UZ’O) Phase advance per meter.

= X(8) = Xo - cos (Kx0 - S+ ¢)

The particle motion with linearised space-charge is:

d?x . -
dsz — (kf,o - Ksc,x> X =—K; X
ke = m = 1] Kx,0 RMS Phase advance par meter with linear space-charge
n= kEXO Space-charge tune depression
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Space-charge tune depression (2)

Continuous focusing channel Periodic focusing channel
3.0 3.0
—— envelope —— envelope
2.5 —— no space-charge 2.5 /\/\/\/\/\/\/\/\/\/\/\/\/— no space-charge
0 —— with space charge . —— with space charge
15 1.5
’;: 1.0 ’;: 1.0
e g
T 05 T 05
0.0 0.0
-0.5 -0.5
-1.0 -1.0
=15 T T T T -1.5 T
0 20 40 60 80 100 20 40 60 80 100
s(ua.) s(ua.)

No space-charge:

Xnsc(S) = Xo - cos (Kxo - S+ ) Xnsc(8) =/ Bo - U-cos (kxo- S+ )
Linear space-charge:
Xsc(8) = Xo - cos (7] - Kxo - S+ ) Xsc(8) =/ Psc - U-cos (- keo- S+ )
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Non-linear effects
Tune dispersion

3.

Antoine CHANCE
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Non-linear motion equation

Motion equation in a linear continuous external force

ax’
g5 *k)?,o X+ Fysc (r,8)

The space-charge force can be decomposed:

XSC ZKXSCI'

i>0

We obtain then:

ax’

2
Friae (kio — kxsca) E Kxsc.i- X
i>1

Linear force
Non-linear part

Antoine CHANCE NPAC-2023
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Tune dispersion
m At small oscillation amplitude:

ax’
ds = (k)?,o - kx,SC,l) X =—(Nxc" kx,O)2 X

Nx,c:  Core space-charge depression.

m At very large amplitudes:
The particle is often far from the beam it feels essentially the external force. Its oscillation
frequency Ky tends to Ky .

® At intermediate amplitude, the particle oscillation frequency depends on its amplitude: this
is the space-charge tune dispersion.

TIx,c * kx,O < kx < kx,O
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Tune depression: example

Particle trajectories around a uniform beam for various amplitudes.

-4 T T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0

kx,05/2M

What is the space-charge tune depression here?
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Non-linear effects
Matching

3.
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Motion Hamiltonian

The particle motion can be described with an Hamiltonian H:

dr _OH _

a op P

dp oH

= _ 1 vy, .H

dt or

Particles have phase-space trajectories on which the Hamiltonian is constant (orthogonal to the

; e
p V,H

V,H (a?/atj
-v.H) \8p/at

Iso-hamiltonian curves : H = C*
= local particle trajectory

T

Hamiltonian gradient)

Antoine CHANCE
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Perfect matching

Hamiltonian

Beam distribution Particle trajectories

Perfect matching: The beam distribution is stationary

Antoine CHANCE NPAC-2023 31 October 2023 48/ 74



Q

Distribution function

f(r,p,t)-dr-dp

is the number of particle at time ¢ in a small phase-space hyper volume dr - dp at position (r, p).

Vlasov equation

P +2.Vf+q(E+BxB) Vof=0

Antoine CHANCE NPAC-2023 31 October 2023 49 / 74



Perfect matching

or

E_O = f(r,p)-dr-dp=g(H(r,p)) -dr-dp

But the Hamiltonian depends on the electrostatic potential ¢ and thus on the beam distribution
(Ap = —p/eo). With:

pr) = [ (rp)dp

The perfectly matched distribution is then solution of the implicit equation:

f(r,p) =g(H(x,p,f(r,p)))
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Case study

m Cylindrical continuous beam.
m Radial dynamics only.
m Continuous radial linear focusing channel.

ﬂ,r/,aH(”’/“ﬂ 1 1
s or H(r,r',8) = 5 - r'? 4 = - kg - r* + Vsc(r, )
ar’ 9 OH(r,r',s) 2 " 2
— = —kj - r+Fic(r,s) = ————= _oqp(r
ds or VSC(r1 s) = ﬁ273m02

a(r) 1a'(n?

o= [ /ff(H(r,r'))r'dr’dw:zw [ e ()
0 0

H(r,r') = %r’Q + W(r) W(r) = %kg r? 4 Vsc(r, s)
S = Hir,r) — W) 5a(r)? = W(a) — W)
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Case study (2)

W(a)
p(r) =2m / f(H)dH
W(r)
d [ dé(r) e
. _ldafaeny _ 2«
vr < a; Aqsrdr(r o ) o /f(H)dH
w(r)

Whatever f(H):

®m |If emittance dominated (ns =~ 1; Vsc < kZr?) ("hot" beam),
m the radial profile depends on f,
m the particle phase-space trajectories are ellipses.

m If space-charge dominated (1 & 0; W(r) ~ 0 for r < a) ("cold" beam),
m the radial profile tends to uniform,
m the particle phase-space trajectories tends to rectangular.
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Case study — illustration

& ifH<H
Water-bag beam: f(H) = { Ho I =
0 if H> HO
Phase-space trajectories or distribution

Radial density
contour-plot

1.0 =
= 1.00
081 0.75
0.50 i/
0.6 0.25
°
£ N
= < 0.00
<
0.4
-0.25
024 -0.50
-0.75
T~ el
0.0 T T T T -1.00 = Sy T T o
0.0 0.2 0.4 0.6 0.8 1.0 -1.00 -0.75 -0.50 -025 0.00 025 0.50
X/a

rla

(1): No space-charge (2)—(4): growing space-charge
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Non-linear effects
Mismatching

3.
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Mismatch - filamentation

The space-charge force is before all non-linear.
A mismatched beam goes filament, and particles are filling gradually the swept phase-space

volume.
With associated RMS emittance growth.

0.30

° °
o o
G S
w'

Emittance €

o
o
)
|
-

0.05 1 &ms =0.125

0.00 T T ™ T ™ T T T ™ ™
2 4 6 8 10 12 -15 -1.0 -0.5 0.0 0.5 1.0 15
s[u.a.] w
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Mismatch — 1D mode

Hypothesis: Cylindrical uniform beam.
- . K &
Envelope equation: X" + k¢ ((s) - X — — — =0

x X3
Mismatched beam: X = X5 (1 + ¢)

5"+ (kio(s) +

4. X2 X3

0(8) =M - cos (kgrS+ ¢)

Mismatch mode frequency

é2 =
Koy = \[K2o(S) + 57 + 3% = keo/2 (L + )
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Mismatch — 2D-3D mode

A continuous beam in a quadrupolar channel:
= 2 coupled envelope equations: 2 modes

A bunched beam in a quadrupolar channel and cavities:
= 3 coupled envelope equations: 3 modes

Antoine CHANCE
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Second order mismatch-mode parametric resonance

Due to the tune dispersion, there is always a particle amplitude of which the oscillation
frequency is half the mismatch mode frequency.

kar\ 1
i< (M) iy R <k

1.0
Large amplitudes
Order 5 resonance
0.8 Order 4 resonance
v
. 06 Order 5 resonance
] Order 2 resonance
3
N (.4 | Orders resonance
" | Order 3 resonance B
Order 4 resonance _ ,/: f///" mode 1, out |
Order 5 resonance _ Phd
0.2 Pagbrd === mode 1, core
7
ol —— mode 2, out
/’4’,’/ Small amplitudes ——- mode 2, core
0.0 T T T T
0.0 0.2 0.4 0.6 0.8 1.0
fi
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Second order resonance viewing

Uniform distribution; Beam mismatch: 10%; n = 0.85
Particles with an oscillation frequency near half this of a mismatch mode.

0.5

-2 -1 [ 1 2 0 200 400 600 800 1000
X/Xo #turns

Red: particle phase-space trajectory
Blue: stroboscopic viewing at mismatch mode frequency
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Second order resonance viewing (2)

Particles with different initial amplitudes (viewing at mismatch frequency):
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® No perturbation if large (magenta) or small (cyan) initial amplitudes.
m Stability islands (yellow) for particles at the half mismatch frequency.
m QOscillation around stability island for particles in the black region.
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Wall effects
Incoherent and incoherent motion

4.
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Coherent and incoherent motion

Incoherent motion

The beam consists of many particles, each of which moves inside the beam with its individual
betatron amplitude, phase, and even tune @ (under the influence of direct space charge).
Amplitude and phase are randomly distributed. The beam and its centre of gravity — and thus
the source of the direct space-charge field — do not move (static beam).

Coherent motion

A static beam is given a transverse fast deflection (< 1 turn) and starts to perform betatron
oscillations as a whole. This is readily observed by a position monitor. Note that the source of
the direct space charge is now moving: individual particles still continue their incoherent motion
around the common coherent trajectory and still experience their incoherent tune shifts as well.
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Example of an incoherent motion: Plate conductor

4 Wall effects
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Image charge: plate conductor

Real charge distribution

Image charge model. (,_...v.i—n"the‘ CQI%Q}%f’tOf

Real cl;'a_rge

q

The real charge q attracts charges in the plate conductor (at a distance d). This charge
distribution sets a constant potential in the conductor. It can be modelled by an image charge
—@q symmetric of the real charge with respect to the plate.
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Demonstration of the image charge (plate conductor)

Let us consider a charge g and a perfectly conductor plate at the distance d. We will use a
frame centred on the plate (the position of the charge is thus (d,0,0). Potential generated by
the charge:

qg 1 g 1

%q = 47T60m  dre ((x —d)2 + y2 _|_22)1/2

Let be ¢y the potential generated by the wall. The total voltage ¢1 = ¢q + ¢w on the electric
plate is at the ground voltage V = 0. We get:

$q(X = 0) + duw(x =0) =0
. q 1 _ —q 1
dmeo (@2 +y2 4 22)' 2 AT (0 (~d) 4y + 22)' V2

Image charge

ow is equivalent to the potential generated by a charge —@q at the position x = —d.

dw(x=0) =
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Electric field if beam between two plates

We consider that the beam pipe is rectangular with a vertical height 2h small compared to the

width 2w: h < w.
We assume a linear distribution. The electric field generated by a linear distribution A is:

y
Bh == ST A Xex + ye
an A I E)\(I') = 2 — )2( 2,V
% TeEg X+ Y
1577 The sum of the image charges is then (y < h):
Béam 0-----yfA>X-ih
_on 4 Sondictng vl E _x (=1)"A [xex + (2nh — y)ey,  Xex — (2nh + y)ey
B =2 o | ey 2nh—y)2 X2+ (2nh+ y)?
[T n=1
> Xey — ye
BN == m ~ _1\n X Yy
* Ty ;( ) { 4n2h? +o(x.y)
i (=" = I w2
2 12 ~ Goneg 1812 (—xex + yey, +0(x,y))
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Tune shift if beam between two plates

Example for a uniform elliptical continuous beam:

ax’ 9 , 9 Fxsc(r,s)

ds = _kx,O X+ Fx,SC(r1 S) = _kx,O "X+ ~v32mqyc?

ay’ 2 2 Fysc(r, )

ds - 7ky,0 Y+ F}I/,SC(I" S) - 7ky,0 Y+ ,yﬁgmocg

ax’ q / 1 2

- N — X =
ds * { X0 megmoc? B3y (72X~ (X+Y) 48h2)] x=0

ay’ ) q / 1 2 B
ds [’%W@% 2y x+y) tam)) V=0

g / 1 9 \q1/2
Kyinc = Nxkxo = Kxo |1 — —— —
! x¥x0 = Bx0 [ TeoMoC B3vK3 (’sz~ (X+Y) 48/72)}

q / 1 2 e
™
Kyine = 1ykyo = Kyo ll  meomoC3 BRk? (WQY- X+v) " 48h2)1
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Wall effects against direct space-charge

B The electric image field is vertically defocusing, but horizontally focusing (sign of image
term changes), which by the way is not just a feature of this particular geometry, but is
typical for most synchrotrons with their rather flattish vacuum pipes;

® The field is larger for small chamber height h;

® |mage effects decrease with 1/7, much slower than the direct space-charge term (1/7?%),
and thus are of some concern for electron and high-energy proton machines.

B The incoherent motion can be measured by using a quadrupole lens and by introducing a
mismatching. The envelope oscillation period gives the incoherent tune by dividing by 2.
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Example of a coherent motion: Circular conductor

4 Wall effects
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Image charge: cylindrical conductor

)

The charge distribution on a cylindrical conductor of radius R by a charge per linear meter A at
a distance a from the cylinder center can be modelled by a charge per linear meter —\ on the
charge-cylinder center axis at distance b such as:

a-b=R?
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~

Demonstration of the image charge (cylindrical conductor) *

Let us consider a perfectly conductor cylinder of radius R and a linear charge \ at the position
X = a. The frame center is the center of the cylinder. Electric field generated by the linear
charge:

B, A /°° dzr A r—ax

- dmey J_ o ||r\|3 - 2meg X2 + y? + a® — 2ax

Let be E,, the potential generated by the cylinder. The total electric field Et on the cylinder is
normal to the surface. We get:
Eq,g(f = R) + Ew,g(r = H) =0
A asin 6 o =A R?/asin @
2meg R2 + a2 — 2aRcosf  2meq ((%2)2+H2—2%2Rc089)

Evo(r=R)=

Image charge

The field is equivalent to the one generated by a linear charge — )\ at the position x = R?/a.
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Beam dynamics if offset in a circular pipe

Let us consider a linear distribution with an offset of ro = Xpex + yoe,. The equivalent charge
2 .

image of the beam pipe is a linear distribution —\ at the position ry = %ro. The electric field
0

at the beam center is then:

A\ r1— To A ro A g
E _ _ — e O( X ]
A(ro) 2meq ||ry —ro|®  2me0 A2 -5 2meg A2 rovn)
ox; Fusc(r,s) a1 1
0 K2 e g2 |y
ds x0 " Xo + vB2myc? xo + meomoc? By 2R% |
ay, 2 Fysc(r,s) 2 g L1
20— k2, Seme | T ramee By 2R
ds y0 Yo+ vB2myc2 Y0 T reomocd 33 2R? %
1/2
q 1
Ky coh = Nxkxo = Kxo |1 — : 2R
X,coh TIxKx,0 X0 |: 7T60m003’ 53"//()%0 2R2:|
I . 1/2
q
k coh — k =k 1= 2R?
y.coh = NyKy.0 = Ky0 l meoMoC? B3vk2 ) 2R
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A few features of the coherent tune shift

m The force is linear in r, so there is a coherent tune shift.

® The 1/v dependence of the tune shift comes from the fact that the charged particles induce
the electrostatic field and thus generate a force proportional to their number, but
independent of their mass, whereas the deflection of the beam by this force is inversely
proportional to their mass myy.

®m The coherent tune shift is never positive.

m Note that a perfectly conducting beam pipe has been assumed here, for simplicity. The
effects of a thin vacuum chamber with finite conductivity are more subtle.

m The coherent tune shift can be measured by deflecting the beam with a transverse kicker
(with a gate shorter than one revolution period) and by measuring the position (in a ring,
turn after turn or in a linac at different positions) with a beam position monitor.
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Summary

m Space charge force comes from the charge and current beam distribution: it decreases with
energy. At high energy, wall effects (indirect space charge) are greater than direct space
charge.

m Space-charge force is non-linear except for uniform distributions.

m Two beams are equivalent if they carry the same current and has the same covariance
matrix.

m The envelope equation gives the evolution of the RMS beam size and has 3 contributors:
external force, space-charge effect and emittance.

m Space-charge forces increase the motion period: tune depression.

® The non-linearity makes the tune depend on amplitude: tune dispersion.
® To keep the beam distribution, the beam needs a perfect matching.

m |f the beam is not matched, beam-size is oscillating.

® Some resonances can occur with stability islands.
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