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QFT - part 2 Problem set n̊ 1

1 Symmetries of the Dirac Lagrangian

Consider the Dirac Lagrangian :

L = Ψ (iγµ∂µ −m) Ψ (1)

1.1 Vector Symmetry

Show that L is invariant under the internal, rigid U(1)V transformation :

Ψ′(x) = eiθΨ(x), (2)

and give the expression of the associated Noether current JµV .

1.2 Axial Transformation

Consider now the transformation U(1)A :

Ψ′(x) = eiξγ5Ψ(x), ξ ∈ R (3)

1. Show that this transformation is a symmetry of the Lagrangian if and only if m = 0, and
construct the associated Noether current JµA.

2. Go back to the demonstration of Noether’s theorem for a transformation which does not
leave the Lagrangian invariant, and show that in this case we have :

∂µJ
µ =

δL
δξ

where δξ is the infinitesimal parameter of the transformation and Jµ is the usual definition
of the (would-be) Noether current (i.e. the same expression that one has in the case the
transformation is a symmetry).

3. For m 6= 0, using the equation of motion find the non-conservation equation of the axial
current ∂µJ

µ
A and show that, indeed, ξ∂µJ

µ
A = δL,

1.3 Symmetries and L and R spinors

Recall the Weyl decomposition of a Dirac spinor Ψ. In the Weyl basis (in which γ5 is diagonal),

Ψ =

(
ϕl
χr

)
. (4)

We define the left and right components of Ψ by :

ΨL =

(
ϕl
0

)
, ΨR =

(
0
χr

)
. (5)

This decomposition can be made basis-independent by introducing the left and right projectors :

PL =
1− γ5

2
, PR =

1 + γ5
2

(6)

and writing :
ΨL ≡ PLΨ, ΨR ≡ PRΨ. (7)
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1. Write the bilinears Ψ̄Ψ, Ψ̄γµΨ and Ψ̄γµγ5Ψ, then the Dirac Lagrangian, in terms of ΨL

and ΨR. Show (again) that, if m = 0, the left and right spinors are decoupled.

2. Write the action of the transformations U(1)V et U(1)A on the L and R spinors. Show that
we can interpret these transformations as two independent U(1)L et U(1)R, each acting on
ΨL et ΨR respectively.

3. Using the L−R decomposition of the Dirac Lagrangian, show (again) that for m = 0 there
is a full U(1)L × U(1)R.

2 Spinor algebra

The Dirac matrices are defined in terms of the basic property :

{γµ, γν} = 2gµν14 (8)

where gµν is the Minkowski metric diag(1,−1− 1− 1) and 14 is the identity matrix.
A basis for positive and negative frequency solutions of the Dirac equation is given by :

us(p) =

( √
pµσµξ

s

√
pµσ̄µξ

s

)
, vs(p) =

( √
pµσµξ

s

−√pµσ̄µξs
)
, s = 1, 2 (9)

where ξs are the two-component spinors

ξ1 =

(
1
0

)
ξ2 =

(
0
1

)
.

In the expressions (9)
σµ = (12, σ

i), σ̄µ = (12,−σi)
where σi are the Pauli matrices.

2.1 Traces of γ matrices

1. Without using the explicit representation of the γ-matrices, but only equation (8), show
that

Tr (γµγν) = 4gµν ,

Tr (γµγνγργσ) = 4 (gµνgρσ − gµρgνσ + gµσgνρ) .

where the trace is over the spinor indices.

2. Deduce expressions for Tr (/a /b) and Tr (/a /b /c /d), where aµ, bµ etc. are 4-vectors.

3. Show that Tr (γµ) = 0

2.2 Spin sums

In what follows, α, β... are spinor indices, and run from 1 to 4, s, s′... run over the polarisation
(1,2).

1. Show that

ūs(p)us
′
(p) = 2mδss

′
, v̄s(p)vs

′
(p) = −2mδss

′
, v̄s(p)us

′
(p) = ūs(p)vs

′
(p) = 0

2. Show that
ūs(p)γµus

′
(p) = 2δss

′
pµ

3. Show that
2∑
s=1

usα(p)ūsβ(p) = /pαβ +mδαβ ,

2∑
s=1

vsα(p)v̄sβ(p) = /pαβ −mδαβ

Notice that in excerices 1 and 2 spinor indices are contracted, while in excercise 3 they are not.
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